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1. Introduction

The dynamics of soliton propagation through optical fibers, photonic crystal fiber
(PCF), and metamaterials is a major ongoing area of research in the field of nonlinear
optics for the past few decades. There are several results that have flooded various
journals with novel results.'*® There are a variety of results that have been reported
in this area. This includes results from birefringent fibers, embedded solitons,
Thirring solitons, dense wavelength-division multiplexing (DWDM) systems, cas-
caded systems, nematicons, and several others.'%° This paper will address optical
solitons with a very different flavor. The effect of magnetic field will be included and
the dynamics of soliton perturbation in the presence of such magnetic field will be
obtained. There are three types of nonlinear media that will be studied in this paper.
They are the Kerr law nonlinearity that is otherwise referred to as cubic nonlinearity,
power law, and the log law. Three integration schemes are employed to obtain soliton
solutions to the model. They are the modified simple equation method, trial solution
method, and finally the extended trial solutions scheme. All of these methods retrieve
bright solitons, dark solitons, and singular solitons while the log law nonlinearity
leads to optical Gaussons. The constraint conditions for the existence of these
solitons and Gaussons are also presented.

1.1. Mathematical model

The mathematical model that describes the dynamics of soliton propagation through
optical fibers in the presence of magneto-optic field is given by the following coupled
system of nonlinear Schrodinger’s equation (NLSE)™0:10:14;

i + a1Gpe + 016 + {&F(lg*) + mF (7% }q
=Qir +i{ongq, + B1(F(la»a). + vi(F(la*).a+ 6. F(adPa.}, (1)

iry + sty + boryy + {&F(|r?) + mF(lg|*)}r
= Qoq+ i{oor, + Bo(F(Ir*)r), + vo(F (7)) ,r + 0o F(|r*)r, ). (2)

In Egs. (1) and (2), a; represents the coefficients of group velocity dispersion (GVD)
while b;, for j = 1,2, are the coefficients of spatio-temporal dispersion (STD). The
functional F' is the type of nonlinearity that will be considered. On the right-hand
side, Q; represents the magnetic field effect that avoids the formation of soliton
clutter. From the perturbation terms, «; are the coefficients of intermodal dispersion.
Also, 3; represents the coefficients of self-steepening terms in order to avoid shock-
wave formation, v; are the coefficients of nonlinear dispersion, while 6; also gives
nonlinear dispersion. On the right-hand sides, they are all treated as strong per-
turbation terms. This paper will carry out the integration of the model given by (1)
and (2), in order to extract its soliton solutions. This will be possible, provided the
type of nonlinearity is known. The subsequent three sections detail the integration

schemes for three types of nonlinearity.
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2. Kerr Law

For Kerr law nonlinearity, F'(s) = s. As a consequence, Egs. (1) and (2) modify to

iy + a1y, + 01¢u + {&lal® + mrfP}g
= err =+ i{%% =+ 61(|Q|2q>z + V1(|Q|2)mq + 91 ‘QPQJ:}a (3)
Z.""75 + ATy + bQTaL't + {€Z‘T‘2 + 7I2|Q‘2}r
= qu + i{O‘QTz + /82(|71|2T)z + V2(|T|2)zr + 92‘T‘QTI}' (4)
To integrate the coupled NLSE (3)—(4), we assume a solution structure of the form
g(a,t) = Py(¢)e’™), (5)
r(x,t) = Py(¢)e®h), (6)
where the wave variable ( is given by
¢=x—t. (7)
Here, P;(¢) for I = 1,2 represents the amplitude component of the soliton and v is the
speed of the soliton, while phase factor is defined as

¢(x,t) = —kx + wt + 6, (8)

where & is the frequency of the solitons while w represents the wave number and 6 is
the phase constant. Substituting (5) and (6) into Egs. (3) and (4) and then
decomposing into real and imaginary parts give

(a; — b)) P + (bwk — w — ajk® — k) P,
= (581 +0) — &) PP +mPP} — QP =0, (9)
with [ = 3 — [, and imaginary parts yields
—v(1 = bk) P + (bw — 24k — o) P] = (383, + 2v, + 6,) P2 P;. (10)
From Eq. (10), it is possible to retrieve the speed of the soliton

bw — 2a;k — o

1—-bk (11)
as long as the constraints
bk £ 1, (12)
36, +2v,+60,=0 (13)
remain valid. Now, equating the two values of the solitons speed (11) leads to
a1 =ay, by =0by, a1 =a. (14)
Consequently, Eq. (11) reduces to
v:bw—2a/§—a (15)

1-—bk ’
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where it is assumed that a; = a, b; = b and «; = « for [ = 1, 2. Therefore, the coupled
NLSE with Kerr law nonlinearity for the perturbed magneto-optic waveguide is
re-casted as

iQf, + [e20po + bq:tt + {§1|Q|2 + 771|T|2}q
= Qir + i{aq, + B1(lql*q). + vi(lal*).q + 61]dl*a.}, (16)

iy + ary, + bry + {&|r[ + molal*}r
= Qoq +i{ar, + Bo|rr), +va(lrl?),r + Osrf*r, }, (17)
and as a consequence, the real part equation (9) modifies to
(a — )P/ + (bwk — w — ak® — ar) P, + 2k(8, + 1)) P}
+{&P? + PP} P — QP =0, (18)
or
(a —bv) Py + (bwk — w — ak® — ar) P, — (k(B, + 6,) — &) P}
+ mPP; — QP =0, (19)
(a — bv) Py 4 (bwk — w — ak? — ar) Py — (k(By + 05) — &) Ps
+ PP} — QP = 0. (20)

2.1. Modified simple equation method

In this subsection, the modified simple equation method?*® will be explored in detail
to obtain bright, dark, and singular soliton solutions to Egs. (3) and (4). Using the
balancing principle in Eq. (18) leads to

P =P, (21)
Consequently, Eq. (18) reduces to
(a —bv) P + (bwk — w — ar? — ak — Q)P+ (m + & + 26(6, + 1)) P = 0. (22)
We suppose that Eq. (22) has the formal solution as

N / l
- $A(28)

=0

where a; are constants to be determined, such that ay # 0, and ¢¥(() is an unknown
function to be determined later. Balancing P/ with P} in Eq. (22), then we get
N = 1. So, we reach

¥'(<)
¥(C)

Substituting Eq. (24) in Eq. (22) and then setting the coefficients of ~7(¢), j=
0,1,2, 3, to zero, then we obtain a set of algebraic equations involving a, a, &, @, 1,

P(¢) = ag +a1( ), ay # 0. (24)
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&, @, v and w as follows:

Y3 coeff.:
ay(2(a — bv) + ai(n + 266 + 260, + &) (¥)? =0, (25)

¥ coeff.:
3ay (V' (bv — a) + aga ) (m + 266, + 261, + &)Y = 0, (26)

=1 coeff.:
—a; (YO (bv — a) + ' (ax® + ar — 3ag(n + 266; + 2Ky + &) — brw + Q; + w)) = 0,
(27)

Y0 coeff.:

ag(—ak? — ak + al(n, + 260, + 26y, + &) + biw — Q; — w) = 0. (28)

Solving this system, we obtain

S ak? 4+ ak —bkw+ Q; + w P 2(a — bv) (29)
0 n + 2/&51 + 2I€Vl + é.l ’ ! n + Q’iﬂ[ + 2“’/[ + gl’

and
W\/— 2(ak? + ak — bkw + Q) + w) " (30)
a—bv
o=  2(ar” + ak — brw + Q) + w) o, (31)
a—bv
From Egs. (30) and (31), we can deduce that
w/(c) B _ a — b'[} ce _2(ax2+aK:Z;N?u+Q[+»)< (32)
N 2(ak? + ok — bkw + Q, + w) | ' ’

a—bv \/m
P(() = — cev o Cy, (33)

2(ak? + ak — brw + Q) + w)

where ¢; and ¢, are constants of integration. Substituting Eqgs. (32) and (33) into
Eq. (24), we obtain the following exact solution to Egs. (3) and (4):

a—bv
\/(771 +&+26(81+11)) (ar? +ok—brw+Q; +w)

2(ar2+ar—brwt+Q1 +w)
- b

¢

h+ é-l + QK(ﬁl + Vl) - 2(an2+ana:blgi)+Q1+w)

o t) = + \/anQ—i—a/{—b/{w—f—Ql—i—w_'_ X cre

2(ar? +ak—brw+Qq +w

a—bv )C —+ Co
X ei(fnx+wt+0), (34)

X cre
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a—bv
\/(7]2+£2+25([32+V2))((1}{2+(),I£*bh',u)+Q2+w)

2(ar? +ar—brw+Qg +w)

r(xz,t) = £ \/Cm2 tar—brwt @y +w xXcev b ¢

)T . a—bv
M2+ 52 + 2H(ﬂ2 + VQ) 2(ak2+ak—brw+Qy+w)
72(a~2+aﬁ—lmw+Q2+w)
X cre = S+
% ei(fnz+wt+9). (35)
2(ar bk _ 2(an?tar—brotQy+w) .
If we set ¢, = — 2~ MKG_;“/‘”Q?W) eV am G, ¢y = +1, we obtain

G t) = + ak? + ak — bkw + Q1 +w
’ m+& +26(6 +vp)

2 {ar—b
><tanhl\/—al€ Tar Rw+Ql+w(m—vt+Co)

ei(_mr+wt+9)’ (36)

2(a — bv)

ak? + ak — bkw + Q9 + w
r(z,t) = £
M2 + & + 26(B2 + v9)

2 {ar—b
x tanh l\/— ar T oK Rw+Q2+w(m—vt+Co)

ei(fmchthrH)’ (37)

2(a — bv)

or

o t) = + ak? + ak — brw + Q1 +w
7 m + &+ 26(6) +v1)

2L ar—b
xcoth[\/—cm Tan RerQler(x—vt—i—Co)

ei(fmﬁertJrQ)) (38)

2(a — bv)

ark? + ak — brw + Qy + w
r(x,t) = +
M2 + & + 26(B2 + 1v9)

ak? + ak — brw + Qy + w
x coth [\/— 2 —b0) 27 (@ — vt + ()

ei(fanrthrQ) ) (39)

These are dark and singular soliton solutions, respectively, and are valid for
ak? 4+ ak — biw + Q) +w > 0, (40)
a—bv<0. (41)

2.2. Trial equation method

In this subsection, we would like to extend the trial equation method™*'? to solve
Egs. (3) and (4). To kick off the solution extraction process to (22), the following trial
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equation is considered:
(P')? Z a P, (42)

where s and q; are constants to be determined. We rewrite Eq. (42) by the integral form
dP
+(¢ — = [ ———.
(€= <o) )

Balancing P/"with P;’ in Eq. (22), then we get s = 4. Using the solution procedure of
the trial equation method, we obtain the system of algebraic equations as follows:

(43)

u? coeff.:
2a4(a — bv) +m + 260, + 260, + & =0, (44)
u? coeff.:
3
§a3(a —bv) =0, (45)
u! coeff.:
as(a — bv) — ak® — ak + bkw — Q; —w =0, (46)
u? coeff.:
1
§a1(a —bv) = 0. (47)

Solving the above system of algebraic equations, we obtain the following results:

ar® + ak — bkw + Q; +w

a; =0, ay= ;a3 =0,
a—bv
(48)
0 — ~m At &+ 26(8 + )
! 2(a — bv)
Substituting these results into Egs. (42) and (43), we get
dP,
C CO / ar?+ar—brw+Q+w ZPQ m+&+26(6+v) P4 (49)
\/(1 + a—bv 2(a—bv)

where a; is an arbitrary real constant. If we set ay = 0 in Eq. (49) and integrating with
respect to P, we get

M+ 26(81 +vi) + &
2 _
xsech[\/aﬁ + ak bnw—l—Ql—i—w

9 _
dont) = j:\/— (ak? + ak — brw + Q + w)

— — ot — C()) i( nr+wt+0)’ (50)
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r(z,t) =

N _2(@/—12 + ak — brw + Q9 + W)
Mo + 26(8y +v2) + &

2 _ .
X sech [\/(m toan bﬁbw @t w(x —ut — Co)] ei(ratwt+o) (51)
a—bv

or

)= + 2(ak? + ak — bkw + Q1 + w)
; m+ 268 +v1) + &

2 b 4
x csch [\/an +om wa T Ot w(x — vt — go)] eilmrotet+) = (52)
a—bv

2(ak? + ar — brw + Q5 + w)
t)= +
(@) \/ M2 + 26(82 + v2) + &

2 —b .
% esch l\/a/ﬁ + akr Kw + QQ + w(ZC ot — CO)] ez(fnm+wt+(7‘), (53)
a—bv
which are bright and singular soliton solutions and they exist for
ak? 4+ ak — bsw + Q; +w > 0, (54)
a—bv>0. (55)

2.3. Extended trial equation method

In this subsection, we will apply the extended trial equation method””'1%15 to

address the coupled NLSE with Kerr law nonlinearity. To start with the extraction
of solutions to (19) and (20), the following assumption for the soliton structure is
made:

S
1=0

S
Py=> 7V, (57)
=0

where

CO(W)  pe VA W g
T(U) x4+ x1¥+x0

1850005-8
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Here 7o, ..., 7 Tos -5 T¢5 Moy - -+ 5 o and Xg, - - -, X, are constants to be determined
later. We can reduce Eq. (58) to the elementary integral form as follows:

/ \/—flp7 (59)

According to the balance principle, one determines a relation of o, p, ¢ and ¢ which
is given by

(¢ — o) =

oc—p—2
5 .

Wheno =4, p=0and ¢ =<¢ = 1in Eq. (60), we then assume that Egs. (19) and (20)
have the following formal solutions:

P =71y+7Y, (61)
P2 :%0_‘_%1\1]7 (62)

c=¢= (60)

where 7; and 7; for i = 0,1 are constants to be determined later, and ¥ satisfies
Eq. (58). Substituting these formal solutions into (19) and (20), and solving the
resulting system of algebraic equations, one recovers

_ 270 [1a7 3 (a — bv) + 2x7 (71 (& — k(02 + B2)) + na77)]

! 73(a — bv) ’
_ 2x070[7 1 (K(02 + B2) — &) — noTi]
71(a — bw) ’
:X()[%l( k(0o + B2) — &) —mp7i)
Ha 2(a — bv) ’
~2
+ k(0 +
& =m0+ (0, + B,) — 7ilm (Tz B2) — 52]7
1
~ 2
_ _ _ ~ o~ =~ _ = _T1To ~ T1ls
o= o, Mo =My, T =T, To=Tg, T1=T1, To=——, Q1= ~5
T1 7'1

- —3nTix0T § + T1[Tix0@2 + T1(pa(bv — a) + xo(k(a + ar) + 37§ (K(0, + B2) — &)))]
B Xo%%(b"ﬂ —-1) .

(63)
Substituting these results into (58) and (59) leads to
dv
+(C—¢) =90 / , 64
(€—=¢) A (64)
where

A(\p):\y4+ﬂm3+&\1’2+ﬂw+@, 0= [X0 (65)

22 1221 My My My
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As a consequence, we obtain the traveling wave solutions to the coupled NLSE
with Kerr law nonlinearity in the following forms:

For A(T) = (¥ — \)*,

712
t) = ALt
Q('ra ) {TO+TI 1 {bw Qar— a}t_C()}

—3MaTIX0T b + T1[T1X0Q2 + 71 (pa(bv — a)
+ Xo(k(o 4 ak) 4+ 37 5(k (02 + B2) — &)))]

id — t+60
X exp| KT + o7 (bn —1) +
(66)
. 719
r(z,t) = 4 To+ T £ —
{ . -T—{bﬁ—zm}f—é‘o}
—3mTIX0T o + T1[T1X0Qa + 71 (1o (bv — a)
~9 -
« exp|id —kx + + Xo k(o + ‘m)jg 37(K(0y + Ba) — &5)))] t1 0
XoT 1(br — 1)
(67)
IF A(D) = (¥ — A)3(T — Ay) and Ay > Ay,
AT (N — Ny)
q(z,t) = STo+ 71 M +
{ 402 — (A = Xo) (z — {280}t — )
—3mTiXoT o + T1[T1X0Qa + 71 (e (bv — a)
~9 .
« exp|id —k + + Xo(r(a + ak) + 37 5(k(6> + B2) — &)))] t+0% |
XoT 1 (b/‘ﬁ —-1)
(68)
- 47102 (X — \y)
7’($,t) = 7‘0+71)\1+
{ 497 = [\ = A) (2 - {*’“’12%:,: “jt = )]
=37 IX0T 0 + T1[T1X0Qa + 71 (e (bv — a)
~2 _
« exp|id —rz + + Xo(k(a + %):; 37o(k(02 + B2) — &)))] t10
X071<b’<"' -1)
(69)
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However, when A(T) = (T — A)2(¥ — \,)?,
(0 = A) }
sp{ Mg (o = {P2=e bt — )] - 1
—3naTiX0T 5 + T1[Tix0Q2 + T1 (e (bv — @)
+ xo(k(a + ar) + 375 (k6> + B2) — &)))]

q(z,t) = {7'0 + 71 +

X expli{ —kx + e t+651,
(70)
L 71 (A — A1)
r(x,t) = ST+ T1 A +
{ exp[Ag™ (v — {Begee=ett — ()] - 1
=37 ixoT o+ T1[TiX0Qa + 71 (s (bv — a)
~9 .
« exp|id —ra + +X0(’f(a+a)’:o)£(?;;0(’fl()92 +08) — &)l t40b ],
(71)
and
71()\1 >\2)
x,t) = + 7N+
= Lo e R
—=3mT x0T 5 + T1[T1X0Qa + 71 (12 (bv — a)
~9 .
« exp|id —rz + +Xo('€(0¢+a;)T+(:Z;0( 1()92 +B2) — &)))] t10%],
. —
(72)
L 71 (A1 = A9)
T(l’,t) = To +’7—1>\1 + . — —
{ exp[A (x — {teg2e=att — ¢)] — 1
=37 ixoT 5 + T1[T1X0Qa + 71 (12 (bv — a)
« exp|id —kz + + xo(k(a +ar) + 375(k(0y + B5) — &)))] y
Xo%%(b’f -1)
(73)

1850005-11
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Whenever A(¥) = (U — \)2(U — \) (¥ — X3) and A} > Ny > Ag,

271 (A = M) (A — A3)
)\1 — )\2 — )\3 =+ (}\3 — )\2) COSh

« vV A=2) (M —X) (CC _ {bwzzablf;a}t)

Q

q(z,t) = S 1o+ 11\ — 5

—3maTIX07 0 + T1[T1X0Q2 + 71 (12 (bv — a)

+ Xo(k(a+ ar) + 373 (k(0s + Ba2) — &)))]
Xo%%(bﬁ -1

X exp|id —kx + t+0; |,

(74)

2%1(A1 B A2)(A1 B A3>
2)\1 — )\2 — )\3 —+ ()\3 — )\2) COSh

T(SC,t) = %0—’-’7’1)\1—

()\1*)\;2)()\1*)\3) (!E _ {bw_l%(z’fc_a}t)
=37 IX0T 0 + T1lT1x0Q2 + F1 (12 (b — a)

+ Xo(k(a + ak) + 375 (k(0: + B) — &)))]

t+6
o (b — 1) -

X explid —kx +

(75)

On the other hand, if A(P)= (¥ —X\)(¥ — X)(¥ — X3)(¥ —)\y) and
AL > Ay > A3 > Ay,

71 (A = M) (A — Ay)
)\4 — )\2 + ()\1 — )\4)Sn2

\/f w—2ak—c
< |+ (M );S;()\z /\4)(1,_{})@1%!;; x}t_CO)

q(z,t) = 7o+ T A+

,m

—3MaTix0T 6 + T1[T1x0@2 + T1 (12 (bv — a)

+ Xo(k(a+ ar) + 373 (k62 + B2) — &)))]
Xo%%(b“ —-1)

X exp|i{ —KT + t+0 |,

1850005-12
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T1(AL = M) (A — Ag)
)\4 — )\2 + ()\1 — )\4)5112

+ Vv (M- >‘Z A1) ( {bw 2ak— a}t_CU)’m

1-bk

’/‘(Jl,t): %04‘%1)\24‘

—3maTix0T 6 + T1[T1x0@2 + T1 (12 (bv — a)

+ Xo(k(a + ar) + 375 (k(02 + B2) — &)))]

X exp|i{ —KT + -
XoT 2(bk — 1)

where modulus m is given by

m? — (A2 = A3) (A1 — Ay)
(M= A3) (A = Ay)

(78)
It should be noted that A; for j =1,...,4 are the roots of the following equation:
A(T) = 0. (79)

Under the conditions 7 = —71 A\, 79 = —T1A; and {, = 0, the solutions (66)—(75)
can be reduced to plane wave solutions:

Tlﬂ
q(x’t): + hw—2ak—a
{ v — {hegEgee }t}

—3mTiXo7 0+ T1[T1X0Q2 + 71 (k2 (bv — a)
+ xo(k(a + ar) + 37 5(k(0 + B2) — &)))]

X exp|i{ —kT + - t+4053|,

X()T%(b"ﬂ -1)
(80)

710
r(x,t) = {iw}
=3mTix0T§ + T1[TiX0@2 + 71 (12 (bv — a)
~2 .

« exp|id —ka + +Xo("5(04+a"ﬁ)fg 375(k(02 + B2) — €2)))] t+6%]

Xo71(br —1)
(81)
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oz, t) = AT (A — A1) }

{492 _ [()\1 _ )\2)($ bw— 2(1/{ a}t)]
—37727'19607'0 +T1[T1x0Q2 + 71 (p2(bv — a)
+ Xo(r(a + ak) + 375 (k63 + B2) — &)))]

X exp|ig —kx + — t+6 5|,
XoT 3 (bk — 1)
(82)
47,92\ — \y)
r(z,t) =
{492 - Ao~ (Z T
*37727'1X07'o +T1[Tix0@2 + 71 (12 (bv — a)
~ 2 _
« exp|id —rx + + Xo(“(a‘f'a’f):;‘ 375(K(0 + Bs) = &2)))] trob],
XoT1(bk — 1)
(83)
traveling wave solutions
T1(Ag — A\y) AL — Ao bw — 2ak —
= —_— h —
a(, ) { 2 LFcoth =5~ \* o !
=37 IX0T § + F1lT1X0Q2 + T1 (12 (b — a)
~ 2 _
w exp|id —ka + + XO(K(OCJF‘“?);F 375(k(0 + B2) = &5)))] t+0%|
XoT1(br —1)
(84)
T1(Aa =) AL — Ay bw — 2ak —
=T 7 A (4 + coth -
r(z,t) { 5 F cot 50\ . t
=37 iX07T 0+ T1T1X0Q2 + T1 (12 (b — a)
~92 .
w exp|id —ka + + Xo(“(aJrWi)fg 375(k(0y + B) —&5)))] t+0%],
XoT1(bk — 1)
(85)
and soliton solutions
(o.1) = -
Q2= VM + cosh [L(z — {deglen—aty)]
—3mT X070+ T1lT1X0Q2 + T1 (12 (b — a)
~ 2 _
« exp|id —ra + + Xo(’f(a'i'aﬁ):;‘ 375(K(0: + Bs) = &2)))] t1ob],
XoT1(bk — 1)
(86)
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o i
T8 =\ M+ cosh [L (e — P=Z=a)0)]
=37 iX0T § 4+ T1[T1x0@2 + T1(pa(bv — a)
+ xo(#(a+ ak) + 37 §(k(0; + B2) — &)))]

X exp|i{ —Kkx + -~ t+6 5|,
)(07'%(5"6 -1)
(87)
where
271 (A1 — Ag) (A — Ag)
K =
e, (59)
= 271 (A = A9) (A — Ag)
K =
Ny ; (89)
5 - VORI =) 0
Q
20 — Ay — A3
W (91)

Note that the amplitudes of the solitons are given by (88) and (89), while the inverse
width of the solitons is given by (90). These solitons are valid for 7; < 0 and 7; < 0.
Moreover, under the conditions 79 = —7 Ay, 7o = —T1 Ay and (, = 0, Jacobi elliptic
function solutions (76) and (77) are reduced to

(,) = i
A, o M + n2l L ( _ bw—?(m—a}t) A=) (M —Ay)
1 S 7 Y 1-bk 7 (A —A3)(Aa—Ng)
—3mTix0T 6 + T1[T1X0@2 + T1 (12 (bv — a)
~9 .
« exp|id —ra + + Xo(k(a +ar) +375(k(0 + B2) — &)))] t+0Y
XoT1 (b’f -1)
(92)
K,
T(.%‘,t) o 2 _ Jbw—2ak—a )\4)
My +su? | Lj(z — {leg2eely), 5 )
—3mTIX0T o + 71 [T1X0Q2 + T1(pe(bv — a)
~92 .
X expl|id —rz + +Xo(ﬁ(a+aﬁ)jg 370(k(02 + B2) — &) t+6% ]
XOTl(bH -1)
(93)

1850005-15



J. Nonlinear Optic. Phys. Mat. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 04/18/18. For personal use only.

A. Biswas et al.

where
R, = 1A\ ;\1)\2_)(/\);4 - N) ’ (95)
M= (96)
L= (=1 ;Q/\?,)()\Q -y for j=1,2. (97)

Remark 1. When the modulus m — 1, singular optical soliton solutions are recovered:

t) = Ky
0= v o~ (2]
=37 IX07 0 + T1[T1X0Q2 + 71 (12 (bv — @)
+ xo(k(e 4 ar) + 375 (k02 + B) — &)))]

Xexp|id —kT + P2 or—1) t+0 |,
. _
(98)
K,
t) =
i {M1+tanh2[ Ly — {2 “}t)]}
—3neTix0T§ + T1[T1X0@2 + 71 (12 (b — a)
~9 9 .
o] o+ | o0 L3780 006 |, |
0
(99)

where A3 = \;.

Remark 2. However, if m — 0, the following periodic singular solutions are
obtained:

K

Q(xat) =

—377271)(070 +71[T1x0Q2 + T1 (2 (bv — a)

+ Xo(k(a 4 ar) + 373 (k05 + Ba) — &)))]
Xo%%(b“ —-1)

{M1 +sin?[L;(z —

X exp|i¢ —kx + t+6 51,
(100)
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r(xz,t) = Ky
T My sin?[ L (o — {Pegeea )]
—3mTix0T 6 + T1[T1X0Q2 + 71 (pa(bv — a)

+ Xo(K(o 4 ak) 4+ 37 5(k (05 + B2) — &)))]

Xexp|id —Kx + po
XOT%(b’f -1)

trob,

(101)

where AQ = )\3.

3. Power Law

For the power law nonlinearity, F(s) = s, where n represents the power law non-
linearity parameter. Here the stability issue dictates 0 < n < 2 and also n # 2 for
avoiding self-focusing singularity. Thus, the system (1)—(2) is rewritten as

iQt + A1Gyy + b1th + {§1|q|2n + 771|T|2n}q
= Qir +i{arg, + B1(1a"@)s + v1(1g*")aq + 61101 ¢, }, (102)

iy 4 Aoy + botyy + {E|r " + 1alq*" }r
= Qoq + i{agr, + Ba(|r*'r), + va(|r*),r + Oalr|*r, }. (103)
Upon substituting (5) and (6) into (102) and (103), the resulting real part obtained is
(a; — b)P{" + (bwr — w — aik® — oqr) Py + (PP + mPP") Py
= QP+ (B, + 0,) P, (104)
and for the imaginary part
v(bk — 1) P + (bw — 245 — ag) P = {(2n + 1)3, + 2nv, + 6,} PP P;. (105)

From (105) it is possible to retrieve the solitons speed (11) as long as the constraints
(12) and

(2n+1)8; + 2nv; + 6, = 0. (106)

Consequently (14) and (15) are also satisfied in this case, and the real part (104)
becomes

(a — )P/ + (bwk — w — ak® — ar) P, + 2nk(3;, + v) PP
+{&P" + ﬁzPZQ"}Pz - QP =0, (107)
or
(@ —bv) P + (bwr — w — ar® — ar) B + (§ PP+ PP") P,
= QP+ k(B +0,) PP (108)
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3.1. Modified simple equation method

In this subsection, the modified simple equation approach will be utilized in detail, to
seek bright, dark, and singular soliton solutions to the coupled NLSE with power law
nonlinearity. Using the balancing principle in Eq. (107) leads to

P =P. (109)
Consequently, Eq. (107) reduces to
(a—bo) P’ + (bwk — w— ar? — ar — Q)P + (m + & + 2nk(B; + v)) PP = 0.

(110)
Set
1
P =uf, an
so that (110) transforms to
(a —bo)(nUU! 4+ (1 — n)U?) + n*(bwk — ak? — ak — Q, — w)U}
+ 0 (n + 260 (B, + 1) + &)U} = 0. (112)
Balancing U;U; with U;' in Eq. (112), then we get N = 1. Thus, we reach
Y'(¢
Ui(Q) = ag + ay (1!}((0) ;o ar #0. (113)

Substituting Eq. (113) in Eq. (112) and then setting the coefficients of ¥7(¢), j=
0,1,2,3,4 to zero, then we obtain a set of algebraic equations involving ag, a{, k, @,
, &, @), v and w as follows:

=4 coeff.:
ai((n+1)(a—bv) + ain?(n, + 2606, + 2knv, + &))W* = 0, (114)

3 coeff.:

a;(2agny/ ((a — bv) + 2ain(n, + 2603, + 2k, + €)))

— ay(n+2)¢" (a — bv))y? =0, (115)

=2 coeff.:

—3a1agni/y/" (a — bv) + ain®()*(—ar® — ak + 6aj (1 + 2603 + 2601, + &)

+ bkw — Q) —w) — ai(n — 1)W")2(a — bv) + ainy "¢ (a — bv) =0, (116)

1 coeff.:

agan (P (a — bv) + 201 (—ak® — ak + 2a§(n + 2606, + 2600, + &)
+ bkw — @Q; —w)) =0, (117)

0 coeff.:
ain?(—ar? — ak + al(n + 2606, 4 2knv; + &) + brw — Q, — w) = 0. (118)
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Solving this system, we obtain

(n+1)(bv—a)

ap=0, a; = , 119
’ ! V/n2(m + 2606 + 260y, + &) (119)
and
¥ =0, (120)
s n(ak? + ax — b:w + Q4 w) " (121)
a — bv

This leads to trivial solution. Thus, modified simple equation method fails to retrieve
soliton solutions in magneto-optic waveguides that carry power law nonlinearity.
This is expected as it is known from before that dark and singular solitons for power
law nonlinear medium will exist, provided power law collapses to Kerr law.

3.2. Trial equation method

This subsection will apply the trial equation approach to retrieve bright, dark, and
singular soliton solutions to the governing equation. Balancing U;U; with U;' in
Eq. (112), then we get s = 4. Using the solution procedure of the trial equation
method, we obtain the system of algebraic equations as follows:

u? coeff.:
ay(n +1)(a — bv) +n’(n + 2606, + 26ny; + &) = 0, (122)

u? coeff.:
%a3(n +2)(a —bv) =0, (123)

u? coeff.:
as(a — bv) — n*(ak? + ak — brw + Q; + w) = 0, (124)

u! coeff.:

1

§a1(n —2)(a—bv) =0, (125)

u® coeff.:
ag(n —1)(a —bw) = 0. (126)

Solving the above system of algebraic equations, we obtain the following results:

n?(ar® + ak — bkw + Q; + w)
aO:Oa a1:O7 Ay = b )
a—bv

P+ 26n(B + 1) + &) (27)

(n+1)(a —bv)

CL3:O, a, =
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Substituting these results into Eqgs. (42) and (43), we get

dU,
< CO / ar?+ak—brw+Q+w) Ql n2(m+26n(B+v)+&) 774 (128)
\/ a—bv U (n+1)(‘a—bv) Ul
Integrating with respect to U;, we get
— _ (n+1)(ak? + ak — brw + Q) +w)
m+ 2606 +vi) + &
« sech \/nQ(cm? + ark — brw + Q + w) b=, '
a—bv 0
% ei(fﬁ;x+wt+0)7 (129)
rat)= & { |- DT tor—brot Qptw) )
M2+ 26n(By + v2) + &
o l\/nQ(aﬁQ + ak — bkw + Qs —l—w) e CO)] "
a—bv
% ei(*/{x+u)t+9)7 (130)
or
g t) = + (n—}—l)(aﬁ;?—i—an—bnw—i—Ql—i—w)C h
m+ 2600y +vi) + &
y l\/ 2(ak? 4+ ak — brw + Qq +w) ot — Co)] '
a—bv
> ei(fﬁl“‘v’wt“r@)’ (131)
S (n+1)(aﬁ2+an—bnw+Q2+w)C h
M2+ 26n(By + va) + &
o [\/HQ(GKQ + ak — bkw + Qo + w)<x v Co)]
a—bv
% ei(*/{x+u)t+9). (132)
These are again bright and singular soliton solutions and remain valid for
ak? 4+ ak — biw + Q; +w > 0, (133)
a—bv>0. (134)
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3.3. Extended trial equation method

In this subsection, we will use the extended trial equation scheme to derive soliton
solutions to the model. Using the balancing procedure between P;’ and P,Q”H in
Eq. (108), we have

N=—. (135)

To obtain an analytic solution, we use the transformation
P =VF=VF=n (136)
in Eq. (108) to find
(a —bv){(1 —2n)(V])? + 20V, V{'} + 4n® (bwk — w — ak? — ak — Q))VY
+4n{& +ny — K(Br +601) V7 =0, (137)
(a —b){(1 —2n)(V3)? + 2nVa V' } + 4n?(bwk — w — ak? — ak — Qy) V3
+4n*{& +my — K(B + 02)}V5 = 0. (138)

Balancing the order of V;V,” and V}? in Egs. (137) and (138), we determine a relation
of o, p, ¢ and < as

¢=¢=0—p-—2. (139)

Case 1. When 0 =3, p=0and ¢ =< =1 in Eq. (139), Egs. (137) and (138) have
the solutions in the forms
Vi=10+1Y, (140)
Vo =79+ 7Y, (141)
where 7, and 7; for 4 = 0,1 are constants to be determined later, and ¥ satisfies

Eq. (58). Substituting these solutions into Egs. (137) and (138), and solving the
resulting system of algebraic equations, one recovers the following solution set:

1y = 2071 4nPxoT [ns — K0y + Ba) + &

To ’7’1(n + 1)(a — bU) ’
[y = 71 8n*xoTolne — k(0 + Bs) + &)
TR (n+1)(a — bv) ’
C_AnPxoTalny — k(6 £ B) + &
Ha (n+1)(a — ) ’
T1[mo — k(0 + B2) +
= 0y + KBy — & + 1[n2 (72_1 2) 52]’
- ~ - - T
fo = o, T1=T1, To=To, T1=T71, Q1= 70:;_—10,
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An?xo73[(n + 1) (k(a + ak) + Q2) — To(n,

— #(02 + B) + &) — poT(n + 1)(a — bv)
4n2xo7a(n+1)(bk — 1) '

(142)

Substituting these results into (58) and (59) leads to

£(C— ) = V/n / % (143)

where

A = w2y By Fo g, X0 (144)
3 3 3 3

As a consequence, we obtain the traveling wave solutions to the coupled NLSE with
power law nonlinearity as the following:

I A(T) = (T — ),

1-bk

D D 48 &
q(x’t) - { ot 1)\1 + |:J‘ _ {bwf&mfa}t _ CO]Q}
Anxo7 §[(n + 1)(k(a + ak) + Qo) — To(ny

— 60 + ) + &) = poTi(n +1)(a — bu)

Xexp|iq —Kx + An?x72(n + 1)(bk — 1) t+46
(145)
r(z,t) = {%0 + A+ = {@Z’Z&}t — CO]Q}%
An2xo7 3[(n + 1) (k(a + ar) + Qy) — o (1
(146)

For A(‘l/) = (\I’ — )\1>2(\IJ — )\2) and )\2 > )\17

q(z,t) = {7'0 + 71 Ao + 71(A; — Ag)tanh?

1 (A =X bw — 2ak — « =
Xlﬂ/ ) (x_{ 1—br }t_c”ﬂ}
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An?xo7 8l(n + 1) (k(a + ar) + Qz) — To(ny

— k(0 + Bo) + &)] — po7i(n + 1) (a — bv)
4n2xo73(n+ 1)(bk — 1)

X exp|i{ —kT + t+6 51,

(147)
r(z,t) = {%O + 71X + 71 (A — Ag)tanh?
B fea))
An?x o7 2l(n + 1) (k(a + ak) + Qo) — 7o (1,
x expl|i{ —kx + — (0, ani;;(i]gll;(zzz(fzg Dia=bv) |, 4
(148)

However, when A(U) = (¥ — X\ )(¥ — \y)? and \; > )y,

1 A=y B bw—Zaﬁ—at "
2\, 1—br

An?xo75[(n + 1) (k(a + ak) + Q2) — 7o(n2
k(0 + Bo) + &) — poTi(n +1)(a — bv)

q(z,t) = {To + 711 + 71 (A — Ag)esch?

i — t+6
X exp|t4 —KT + 2 xo72(n+ 1) (b — 1) + )
(149)
T(I,t) = {%0 =+ 7~'1>\1 + %1(A1 — AQ)CSChZ
o 1 AL — Ny B bw—2ak — « ; B
2\, 1—br
An?xo75[(n + 1) (k(a + ak) + Q2) — 7o(n2
. — k(0 + o) + &) — moTi(n +1)(a — bv)
— t+6
X eXpITq TRT An2xo7a(n+1)(bk — 1) +
(150)
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On the other hand, if A(¥) = (U — A\)(T — X)) (¥ — A3) and A} > Ay > A,

q(x,t) = {7'0 + 7123+ 71 (A — Ag)sn®
1 /A —As bw—2aKk — o
X l:Fg Q, (m— {71_&% }t—Co)m] }

An?xo7 gl(n+ 1) (k(a + ar) + Q2) — To(n:
— k(0 + Bo) + &) — poTi(n +1)(a — bv)

N~ t+6
X exp|t KT + 4n2x0%%(n 1) (be—1) + ,
(151)
r(x,t) = {7’0 + 7123 + T1(Ag — Ag)sn?
o
1 >‘1 A3 bw —2ak — «
8 $§ <$_{1_(m}t_<0>,m]}
An?xo7§[(n + 1) (ke + ar) + Qy) — 7o (12
_ D) _
« exp|id —ra+ K(0; + B2) -f252)] poTi(n+1)(a — bv) i
An?xo75(n+1)(bs — 1)
(152)
where
Ay — A
9 2 — A3
= . 1
EA W (153)

It should be noted that \; for i = 1,2, 3 are the roots of the equation
A(T) =0. (154)

When 7y = =7\, T = =71\ and ¢, = 0, the solutions (145)—(150) can be reduced
to rational function solutions:

1
Ky "

x t = _—_—
o) {x— "“ﬁ%ﬁz“}t}

An?xo73l(n + 1) (k(a + ar) + Qy) — To(ma

— k(0 + Ba) + &) — po7 1 (n+ 1)(a — bv)
4n2xo7a(n+1)(bk — 1)

X exp| ik —kx + t+0 |,

(155)

1850005-24



J. Nonlinear Optic. Phys. Mat. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 04/18/18. For personal use only.

Optical soliton perturbation in magneto-optic waveguides

~ 1
K n
’l"(il’,t) = { {bu gah a}t}
1-bk

An?xo75l(n + 1) (k(a + ar) + Q2) — 7o(n:
k(0 + o) + &) — moTi(n +1)(a — bv)

1 — t+6
X exp|i KT + 4712)(0%(2)(” )b —1) + )
(156)
1-soliton solutions
K3
Q(x7t) = { T onr_ }
cosht L (o — {222 }1)
An?xo75[(n + 1) (k(a + ar) + Q2) — To(n:
x exp|id —kax + k(03 + Ba) + &) — o7 1 (n + 1) (a — bv) t+6%],
4n2xo7Ta(n+1)(bk — 1)
(157)
K
T(.%‘,t) = 1 oan—
{CoshF Ly (2 — {P323=2 )] }
An?xo7 §[(n + 1) (k(e + ar) + Qy) — 7o (1
‘ — K0+ B2) + &) — T i(n+ 1)(a — bv)
- t+0
X exp|i KT + 4n2X07~'(2)(n n 1)(in — 1) + s
(158)
and singular soliton solutions
K,y
x,t) =
q(,t) {smhn [Ls(:c - {bw 2ar— a}t)] }
An?xo75l(n + 1) (k(a + ar) + Q2) — To(n:
) — k(0 + Ba) + &)] — o7 H(n + 1) (a — bv)
- t+0
X exp|1{ —KT + o7 2(n £ 1) (b — 1) + )
(159)
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K,
r(z,t) = 1 .
1) {smhwx—{wa}tn}
An?xo7 §l(n + 1) (k(a + ar) + Qy) — To(ma
— k(0 + B2) + &) — po7i(n +1)(a — bv)

i — t+6
X expiry R 4n2xo73(n+1)(bk — 1) + ’
(160)
where
Ky =21, K,=279, (161)
Ky =[m(— M), Ky =710 =\, (162)
Ky =[r(\ - AQ)]# K4 = [T1(M — )\2)]%7 (163)

1=
Ly =— . 164
T2\ (164)

We should note that K3, K 3 and Ky, K, are, respectively, the amplitudes of 1-soliton
and singular soliton solutions, while Ls is the inverse width of the solitons. These
solitons are valid for 7; > 0 and 7; > 0. Furthermore, when 79 = —7 A3, 7o = =713
and ¢, = 0, the Jacobi elliptic function solutions (151) and (152) can be simplified as

1 bw — 2aKk — Ay — A3
= Kysnn | L | x —
ooty = K 1o (#2223

An?xo7§[(n + 1) (k(a + ar) + Q2) — 7o(ns
— k(0 + B) + &) — o7 1 (n + 1)(a — bv)

i — t+6
X exp|i{ —KT + Inxo72(n+1)(br — 1) + )
(165)
. — 2ak — -
r(z,t) = Kssnn [Lj (x - {bw . _a:ﬁ a}t) , ij — ii]
An?xo7gl(n+ 1) (k(a + ar) + Q2) — 7o(n:
« exp|id —ka + — K2+ B2) + &) — o7 i(n+1)(a — bv) —
4n?xo7a(n +1)(bk — 1) ’
(166)
where
K5 =[ri(a = M), K5 =[F1(0 = )], (167)
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—1)V A =\
Lj:( 2) —IQ 2 for j=4,5. (168)
1

Remark 3. When the modulus m — 1, dark soliton solutions fall out

1 bw — 2ak — «
q(z,t) = Kstanhr [Lj (m — {W}t)]

An?xo75[(n + 1) (k(a + ak) + Q2) — 7o(n2
— k(0 + o) + &) — moTi(n +1)(a — bv)

X exp|1g —RLF An2xo7a(n+1)(bk — 1) B0
(169)
r(z,t) = K stanhv {Lj <a: - {W}tﬂ
4n2xo73[(n 4+ 1) (k(a + ak) + Qs) — 7o(n,
coxplif o | PG S D
(170)

where A\ = Xq.

Case 2. If we take 0 =4, p=0 and ¢ =< =2 in Eq. (139), we assume that
Egs. (137) and (138) have the following formal solutions:

‘/1 :7—0+7_1\I]+’7—2\I}2, (171)
Vy = 7o+ 7,0 4 702, (172)

where 7; and 7; for ¢ = 0, 1,2 are constants to be determined later, and ¥ satisfies
Eq. (58). Substituting these formal solutions into Egs. (137) and (138), and solving
the resulting system of algebraic equations, one recovers
Ty =Ty, To=To T1=7T1, Tg=Ta
TaTo ToT1
Q=0 To=—F—, TI="—
T2 T2
_ nPTyxoT §lm — w01 + 1) + &

)

Ho = 72(n + 1)(a — bv) )
__2’myxeToTalm — k(01 + 1) + &

‘“ 72(n + 1)(a — bv) )

P n’Toxo(T1 + 27072)[m — k(61 + B1) + &

7i(n+1)(a — bv) ’
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_ 2n2ToXoT1[m — k(01 + B1) + &

Hs = Fo(n + 1)(a — bv) ’
_ n*TyXo[m — k(01 + B1) + &
Ha (n+1)(a—bv) ’
g, — 720 — KBy + §2) + To[—m + k(61 + B1) — &
2 KJ%Q )
ToT i[m — w01 + 1) + &) — draToTalm — w0y + 1) + &
oot 473(n + 1) [s(a + ak) + Q)
B 472(n 4+ 1)(bs — 1)
(173)
Substituting the solution set (173) into Egs. (58) and (59) leads to
dv
HC—C) = [ 2, 174
(C 40) 2 \/W ( )
where
AWy =t 4 By p B2 Prg oo o X0 (175)
Ha Ha Ha Ha Hy

Integrating (174) and taking ¢, = 0, we have the traveling wave solutions to (102)
and (103) in the following forms:
For A(¥) = (¥ — \)*,

. 1
2 ko
Qy
Tj Al :l: wW—20K— Q¢
=0 j( x — {Pgte }t> ]

[ 7 i — k(6; + Br) + &
— 47T Tolm — k(01 + B1) + &1
+475(n + 1)[k(a + ar) + Q]

q(w,t) =

i { — 1
X exp|ig —kx + 173+ Dok = 1) t+6,|, (176)
2 Q aEd
’I”(Ll?,t) = [Z %j (Al + _ {bwéaﬁ,a}t> ]
j=0 —bk
[ o7 im — k(01 + Br) + &1 ]
— 4797 Tolm — k(01 + B1) + &1
~2
X exp|id —kx + +475(n + D[sl(a + ar) + Gy t+60,|. (177

473(n+1)(bs — 1)
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If A(\I/) = (\I/ — )\1)3(\11 — )\2) and AQ > Al’

L 2 N 403Ny — Ap) i
a(x, 1) [2; (“mg—[(Al—m(w—{’“f—w}tﬂ?)1

i [m — k(0) + B) + &1
— 47T Tolm — k(01 + B1) + &1

+475(n + D[k(a + ak) + Q]
473(n+1)(bk — 1)

X exp|iQ —kx + t+0,|, (178)

- 2 . 403Ny — ) T
T(:L',t) - [; J (Al * 4Q§ - [()\1 - )\2)(33 - {%}tﬂ?) ]

Fi[m — (01 + B1) + &1
— 4197 Tolm — k(01 + B1) + &1
+473(n + D[r(a + ar) + Q]

i — t+65]. 179
S K 472+ )k — 1) + (179)
However, when A(¥) = (¥ — \)(¥ — \y)?,
) N
A — N\
Z Tif A2t A= bw—2aK—a
=0 €XPI~q, (z — {222 tt)| -
[ Film — k(01 + B1) + &1 |
— AmyToTo[m — k(01 + B1) + &1
: +475(n + 1)[s(a + ar) + Qs
— t+6 180
S I 472 (n+1)(br — 1) +00 |, (180)

L

s s (o A=A T
r(z,t) = [FZO j ()\ + exp{ 2 (i — {boston a}f)} ) ]
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o7 3 — k(01 + By) + &1
— A1y oTo[m — k(61 + B1) + &)
+472(n + D[k(a + ak) + Q)

i — t+0
X eXp|Tq TRT 472+ D)k —1) ol
(181)
and
d A=A ik
q(z,t) = Z il M+ L=
expl 2 (o — {Ei=elt) | — 1
[ o7 [ — k(0 + 1) + &1 1
— A1y ToTam — k(01 + B1) + &1
. +473(n + V[k(a + ar) + Q)
— t+ 6 182
x exp|i{ —kx + 173 (n + ) (br — 1) + ) (182)
: A=A ik
r(x,t) = Z%j A+ L~
exp[ 252 (o - {B=a )| -1
[ o7 [m — k(0 + 1) + &1 1
—A7yToTom — k(61 + B1) + &1
) +473(n + V[k(a + ar) + Q)
— t+6 ;. 1
X exp|ig —kx + 3+ Dbr— 1) + (183)
Whenever A(¥) = (U — A\)2(V — X)) (¥ — X3) and A} > Ay > As,
r ko

2
_ 200 — M)A = )
a(e.1) = Z (21 Rt vy vy vorny gy vy pee

Q, 1-bk

% |: ()\1*/\2)()\1*/\3)( bw—2aK— a}t)
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271 m — k(0 + B1) + &1
— AroTTo[m — k(01 + B1) + &1l
+473(n + V[k(a + ar) + Q)

i — t+0
X exp|i{ —Kx + 473 (n + 1) (b — 1) + )
(184)
- kD
2
B - 201 — M) (A — Ag)
riet) = ]z:(; T 201 — A2 = A3+ (A3 — Ag) cosh
(Al >\Z 1 DLW aKR—Q
) (i {he2ua )y
i o7 im — k(01 + B1) + &1 1
— ATy T To[m — K(01 + B1) + &1
) +473(n 4+ 1)[k(a + ak) + Q)
— t+0 3| 185
X xppry e 473(n+ 1)(br — 1) - (185)
Finally, if A(T) = (T — A\)(¥ — A)(T — Ag)(¥ — ) and A > Ay > Ay > Ay,
2
(AL = A) (A — Ay)
r,t) = P
q(x ) 72:; 7-] 2 )\4 — )\2 + ()\1 — )\4)81’12
« |:j: vV (/\1_;\8);/\2_)\1)( bw— 21m a}t)
I Fim — k(0 + B1) + &1 i
— AT9ToTolm — k(01 + B1) + &1
=9
« exp|id —ra 4 | —FATanF DIs(atar) + Qo] |, pU) g4

472(n+1)(bk — 1)
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2
t) = o[ Ay
A DL B R v v p vy e

X exp|ig —kx +

where

2 _

37 5
(A1 = X) (Mg — o)
292 ( {bwl%;i “}t),m |
T i[m — k(01 + B1) + &1 1
— 41T Tolm — k(01 + B1) + &1
+473(n 4+ D[s(a + ak) + Q) t+0%| (187)

472(n + 1)(bs — 1)

_ e =AM - Ay
(M= A) (A = Ay)

(188)

It should be noted that \; for i = 1,...,4 are the roots of the equation

A(T) = 0. (189)

Remark 4. When the modulus m — 1, hyperbolic function solutions fall out:

- 1

Jl2n

A= A) (A = Ay)

t) = i A+
)= 1> 7, At — Ao+ (A — Ay)tanh?
> |::|: vV ()\1_;\;2)2(/\2_)\1)( bw— 2(m a}t)

X exp|i{ —KT +

o7 1m — k(0 + B1) + &

— 47570 To[m — K(0) + B1) + &1
+473(n + V[k(a + ar) + Q)

473 (n + 1) (b — 1) b0 (190)
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2
. (AL = A) (A — Ay)
t) = i A+
r(z,t) Z Tj At — Ao + (A; — \y)tanh?
% [i ()\1—;\;2)2()\2—>\4)( bw— 2¢m a}t)
Fim — k(0 + B1) + &1
— 4797 Tolm — k(01 + B1) + &1

+473(n + D[k(a + ak) + Q]
473(n +1)(bk — 1)

X exp|ig —kx + t+6,|, (191)

where \3 = \y.

Remark 5. However, if m — 0, periodic wave solutions are acquired:

— o L

J|2n
2
_ (A1 = X) (A — )
al ) = ; T A R T T O = Ap)si
)‘l )‘2 >‘4 w—2aKk—a
_ |2 PR  fraszgeayy)| ] |
I Tilm — #(01 + B1) + &1 1
— AroToTolm — k(01 + B1) + &1
: +475(n + Dls(a + ar) + Q]
- t+6 192
P TR 472 (n+ 1) (bs — 1) +0o|  (192)
- j_ %
2
. (A1 = A) (A — Ao)
t) = | A
(@) ; () R Ve v gy yy e

[i V- )\2 M) ( {}w—Qam ”}t)
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o7 3 — k(01 + By) + &1
— A9 To[n — k(61 + B1) + &1

+475(n + 1)[r(e + ar) + Q]
473(n+1)(bs — 1)

X expliq —KT + t+0 |,

(193)

where )\2 = Ag.

4. Log Law

For log-law nonlinear media, F(s) = In s, solitons in magneto-optic waveguides are
modeled by

i+ a1y + b1q + {& I g)* +m I [r[*}g = Qir + iv gy, (194)
iy + g7y + boryy + {& I [ + 1o In g }r = Qg + icor,. (195)

For this kind of nonlinearity, substituting (5) and (6) into (194) and (195) and then
decomposing into real and imaginary parts give

(a — b) P + (hwk — w — a;k* — i) Py 4 2§ P In P, + 2P In P; = Q,P;,  (196)
and
U(bﬂi — l)Pl, =+ (blw — QCLZK, — Otl)Pl/ = O, (197)

respectively. From (197), it is possible to retrieve the solitons speed (11) as long as
the constraint (12). Consequently, (14) and (15) are also satisfied in this case, and
the real part (196) becomes

(a —bv) P/ + (bwk — w — ar® — ar) P, + 26 P In P, + 2P In P, = Q,P;.  (198)

To obtain an analytic solution, we use the transformations

1 1
P = expv1 = expv2 =P, (199)

in Eq. (198) to find
(= b){(V1)? + 2V (VI)* = VIVI'} + 26+ m) Vi
+ (bwk — w — ak? — ak — Q) Vi =0, (200)
(a = bo){(V2)* +2Va(V3)* = VaVi'} +2(& +m) Vs
+ (bwk — w — ak? — ak — Qy) V3 = 0. (201)

For log-law nonlinear medium, the modified simple equation method and trial
equation method are not applicable.
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4.1. FExtended trial function method

The extended trial function scheme will be applied to Egs. (200) and (201) to retrieve
bright, dark, and singular solitons. According to the balance principle, we determine
a relation of o, p, ¢ and ¢ as

=0—p—2. (202)
q. (202), Egs. (200) and (201) have the solu-

Al
I
=N
—-
=
t"‘j okl
~

When 0 =3, p=0and ¢ =
tions in the forms

Vi=1o+71Y, (203)
‘/2 = 7~—0 + ’7—1\117 (204)
where 7, and 7; for i = 0,1 are constants to be determined later, and ¥ satisfies

Eq. (58). Substituting these formal solutions into Eqgs. (200) and (201), and solving
the resulting system of algebraic equations, we have

 pe(a—bo) (T —71)

Xo = ~ )
67170(Q1 — Q2)
0y = T1(& + Q1 — Qo) — &7y
1 7_1 _5_1 )
= T1(Q1 — Q) — &1 — 71)
2 — ~ )
o i (205)

- - - - T1To

=71, To=To T1=71, To= "= >
T1
_ T _ paTy Ty
Ho = 2, Mo—?y Mm=——=5 H3= 75>
TI T 370

L _ s+ an) + Qi) — Talsla+ar) + Q]

(b = 1)(11 — 71)

Substituting these results into Egs. (58) and (59) leads to

+(C—¢o) = \/Q—z/% (206)

where

A(\I/):\I/3+&\I/2+&\Ij+@7 Q?’:ﬁ, (207)
H3 H3 H K3

Consequently, we obtain the traveling wave solutions to Eqgs. (194) and (195) in the
following forms:

For A(¥) = (¥ — \))3,
47,8 -
(o~ Py

X exp H—m v (Tl Ko+ Mzb: ?fﬂ;{é?ﬁ ar) + Q2]> tt QH (208)

q(z,t) =exp [To+T1 A +

1850005-35



J. Nonlinear Optic. Phys. Mat. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 04/18/18. For personal use only.

A. Biswas et al.

-1
B _ 4762
r(z,t) = exp [Tog+T1 A + 103 )21

(z — {22}t — Go

S

(209)
If A(T) = (T — A)2(T — A) and Ay > Ap,

q(z,t) = exp | 7o+ T A + 71 (M — A2)

-1
1 /A=A bw — 2ark — «
2|2 (AL A2 ) AR By
x tanh (21/ Q {z { — }t C@)]

conl{ s (O s )

(210)
To+T1d +T1(A — Ag)

-1
1 A —A bw — 2ak — «
2 = 1 2 Y etk _
X tanh (21/ Q {m { T }t (0})]

o (O b))

r(z,t) = exp

(211)
However, when A(V) = (¥ — \)(¥ — \y)? and A; > Ay,

-1
1 /A=A bw—2ak —
q(I,t) = eXp |:TO + T]>\1 + Tl()\l - AZ)CSChZ <2 193 2 |:IE — {:[—I);Q}t:|>‘|

 exp [z{m: N (7'1 [k(a+ anzb—; C;Qll])z:{ﬁi(_?)—&- ar) + Qz]) t+ 9}}

(212)
1 [ —A b —2 -
L . - w— 2ak — «
r(z,t) = exp [T+ 71 + 71 (A — Ay)esch? <§ 193 2 [x — { T b }t} )1

o s (O bt

(213)
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On the other hand, if A(T) = (U — X)) (T — X)) (¥ — A3) and \; > Ay > A3,
To + 7'1)\3 + T1 ()\2 — )\3)8112

-1
1 (A =X bw — 2ak —
LG e e e ]

- [i{—mx N (n [k(a+ amz;’; C_)li)z:;{n;?; ar) + QZ])t + 9}],

q(z,t) = exp

(214)

T(l’,t) = exXp ”710 + ’7—1)\3 —+ ’7‘1()\2 — )\3)Sn

-1
AL — A bw — 20k —
X(*z o {5 }t‘“]’m)]

e !

(215)
where
Ay — A
9 _ N2 T A3
216
(U v (216)
It should be noted that \; for ¢ = 1,2, 3 are the roots of the equation
A(T) = 0. (217)

Under the conditions 79 = =71\, 7o = =71 and {, = 0, solutions (208)—(213) are
reduced to exact solutions as the following:
( _ {bw 2ak— a}t)Q
t — 1-bk
q(z,t) = exp [ o,

e |:i{—/€x N (n [k(a+ sz; Qli)zjl-l[n:z)—l— ar) + Q2]>t + 9}],

(218)

2 — {buz2an—aly)?
r(z,t) = exp |} { 1—br }t) ‘|

47,9y

N |

(219)
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1 1 /A — A bw — 2ak — «
t) = —— _cosh?[= /22 x— t
) e"plnw—m“’s (2\/ e }>>

S )

1 1 /A=A bw — 2aKk — «
1) = = _cosh?[ =, /A2 — t
riet) = exp lﬂw—mc‘” (2 G e }>>

S

(220)

(221)

and

1 1 /A=A bw — 2ak — «
1) = . h2 - 1 2 _ t
A1) = o3 [TI(Al—mS‘m (2 Vo (- {5 }>>

conl{ o (el sz, )

B 1 Y I DV bw — 2ak — «
r(x,t) = exp lﬂ@q—)\z)smh (2” 5 (x { T bm }t))

o (O s )

(222)

(223)

Moreover, if 7g = —7; A3, Tg = —T1 A3 and {, = 0, the solutions (214) and (215) are
transformed to

({I; t) e 1 1’152 1 )\1 — )\3 r bw — 2ak — a " )\2 — )\3
= X _—mm — J—
4%, P TI(AQ—A?,) :':2 Qg 1—bk ’)\1—)\3

e

(224)

( t)— < 1 n2 l )\1—>\3 _ bw — 2ak — « ¢ AQ—A?)
s - &P %1(}\27>\3) i q:2 93 . 17bl41 7A1*A3

e

(225)
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Remark 6. When the modulus m — 1, the following solutions emerge:

1 1 /A=A bw—2aKk — a
— - h2 - 1 3 _
al, ) = exp [71(A2 —A3) cot <:F 2 Q3 [I { 1—bk }t}>

o (s O it s )

(226)

_ 1 9 1 Al — N3 - bw —2ak — «
r(z,t) = exp [5_1(/\2 ~) coth (:F 5 o [ac { T bn }t])

- [z’{—mx N <T1 [k(a+ sz; Qli)zjl-l[n:z)—l— ar) + Q2]>t + 9}],

(227)

where A\ = Aq.

5. Conclusions

This paper obtained bright, dark, and singular soliton solutions in magneto-optic
waveguides where soliton perturbation theory was studied. The third form of non-
linear medium that was studied in this paper is the log-law nonlinearity where optical
Gaussons were retrieved. These soliton and Gausson solutions all appear with con-
straint conditions that guarantee their existence. These magneto-optic solitons will
be of great advantage to pulse transmission along optical fibers that will provide the
state of soliton separation rather than the state of soliton “clutter”. Additionally, it
is possible to steer nematicons in liquid crystals with such magneto-optic control.*!

The results of this paper stand on a strong footing for further advancements in
this area. In future, additional laws of nonlinear media will be studied. These include
anti-cubic nonlinearity, quadratic-cubic nonlinearity, parabolic law, dual-power law,
quadratic—cubic-septic law, triple power law, and many others. Those results will be
published elsewhere sequentially.

Acknowledgments

The work of the sixth author (QZ) was supported by the National Science Foun-
dation for Young Scientists of Wuhan Donghu University. The eighth author (SPM)
would like to thank the research support provided by the Department of Mathe-
matics and Statistics at Tshwane University of Technology and the support from the
South African National Foundation under Grant Number 92052 IRF1202210126.
The research work of nineth author (MB) was supported by Qatar National Research
Fund (QNRF) under the grant number NPRP 8-028-1-001. The authors also declare
that there is no conflict of interest.

1850005-39



J. Nonlinear Optic. Phys. Mat. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 04/18/18. For personal use only.

A. Biswas et al.

References

1. A. H. Arnous, M. Mirzazadeh, S. P. Moshokoa, S. Medhekar, Q. Zhou, M. F. Mahmood,
A. Biswas and M. Belic, Solitons in optical metamaterials with trial solution approach
and Bicklund transform of Riccati equation, J. Comput. Theor. Nanosci. 12(12) (2015)
5940-5948.

2. A. H. Arnous, M. Mirzazadeh, Q. Zhou, S. P. Moshokoa, A. Biswas and M. Belic, Soliton
solutions to resonant nonlinear Schrodinger’s equation with time-dependent coefficients
by modified simple equation method, Optik 127(23) (2016) 11450-11459.

3. A. H. Arnous, M. Z. Ullah, S. P. Moshokoa, Q. Zhou, H. Triki, M. Mirzazadeh and Anjan
Biswas, Optical solitons in birefringent fibers with modified simple equation method,
Optik 130 (2017) 996-1003.

4. A. H. Arnous, M. Z. Ullah, S. P. Moshokoa, Q. Zhou, H. Triki. M. Mirzazadeh and
A. Biswas, Optical solitons in nonlinear directional couplers with trial function scheme,
Nonlinear Dyn. 88(3) (2017) 1891-1915.

5. A. Biswas, Solitons in magneto-optic waveguides, Appl. Math. Comput. 153(2) (2004)
387-393.

6. A. Biswas and S. Konar, Introduction to Non-Kerr Law Optical Solitons (CRC Press,
Boca Raton, FL, 2006).

7. M. Ekici, M. Mirzazadeh and M. Eslami, Solitons and other solutions to Boussinesq
equation with power law nonlinearity and dual dispersion, Nonlinear Dyn. 84(2) (2016)
669-676.

8. M. M. El-Borai, H. M. El-Owaidy, H. M. Ahmed, A. H. Arnous, S. P. Moshokoa,
A. Biswas and M. Belic, Dark and singular optical solitons with spatio-temporal disper-
sion using modified simple equation method, Optik 130 (2017) 324-331.

9. Y. Gurefe, E. Misirli, A. Sonmezoglu and M. Ekici, Extended trial equation method to
generalized nonlinear partial differential equations, Appl. Math. Comput. 219(10) (2013)
5253-5260.

10. J. V. Guzman, A. A. Alshaery, E. M. Hilal, A. H. Bhrawy, M. F. Mahmood, L. Moraru
and A. Biswas, Optical soliton perturbation in magneto-optic waveguides with spatio-
temporal dispersion, J. Optoelectron. Adv. Mater. 16(9-10) (2014) 1063-1070.

11. Y. Izdebskaya, V. Shvedov, G. Assanto and W. Krolikowski, Magnetic routing of light—
induced waveguides, Nat. Commun. 8 (2017) 14452.

12. C. S. Liu, Representations and classification of traveling wave solutions to sinh-Gordon
equation, Commun. Theor. Phys. 49 (2008) 153.

13. M. Mirzazadeh, A. H. Arnous, M. F. Mahmood, E. Zerrad and A. Biswas, Soliton solu-
tions to resonant nonlinear Schrodinger’s equation with time-dependent coefficients by
trial solution approach, Nonlinear Dyn. 81 (2015) 277-282.

14. M. Savescu, A. H. Bhrawy, E. M. Hilal, A. A. Alshaery and A. Biswas, Optical solitons in
magneto-optic waveguides with spatio-temporal dispersion, Frequenz 68(9-10) (2014)
445-451.

15. Q. Zhou, M. Ekici, A. Sonmezoglu, M. Mirzazadeh and M. Eslami, Optical solitons with
Biswas—Milovic equation by extended trial equation method, Nonlinear Dyn. 84(4)
(2016) 1883-1900.

16. S. N. Biyoghe, T. B. Ekogo and A. B. Moubissi, Collective variable analysis of the
nonlinear Schrodinger equation for soliton molecules in fibers, J. Nonlinear Opt. Phys.
Mater. 26(2) (2017) 1750023.

17. J. M. Christian and M. J. Lundie, Bistable Helmholtz dark spatial optical solitons
in materials with self-defocusing saturable nonlinearity, J. Nonlinear Opt. Phys. Mater.
26(2) (2017) 1750024

1850005-40



J. Nonlinear Optic. Phys. Mat. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 04/18/18. For personal use only.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Optical soliton perturbation in magneto-optic waveguides

X. Li, R. Yu and N. Zhang, Surface solitons supported by PT-symmetric lattice with
spatially modulated nonlinearity, J. Nonlinear Opt. Phys. Mater. 26(1) (2017) 1750001.
M. Ekici, M. Mirzazadeh, A. Sonmezoglu, M. Z. Ullah, Q. Zhou, S. P. Moshokoa,
A. Biswas and M. Belic, Nematicons in liquid crystals by extended trial equation method,
J. Nonlinear Opt. Phys. Mater. 26(1) (2017) 1750005.

J. G. Huang, J. M. Christian, G. S. McDonald, J. G. Huang, J. M. Christian and G. S.
McDonald, Spontaneous spatial fractal pattern formation in dispersive systems,
J. Nonlinear Opt. Phys. Mater. 26(1) (2017) 1750009.

N. F. Smyth, A. Piccardi, A. Alberucci and G. Assanto, Highly nonlocal optical response:
Benefit or drawback?, J. Nonlinear Opt. Phys. Mater. 25(4) (2017) 1650043.

N. F. Smyth and B. Tope, Beam on beam control: Beyond the particle approximation,
J. Nonlinear Opt. Phys. Mater. 25(4) (2016) 1650046.

R. M. Galicia and P. Panayotaros, Coherent states and localization in a quantized dis-
crete NLS lattice, J. Nonlinear Opt. Phys. Mater. 25(4) (2016) 1650047.

R. Pal, A. Goyal, S. Loomba, T. S. Raju and C. N. Kumar, Compression of optical
similaritons induced by cubic-quintic nonlinear media in a graded-index waveguide,
J. Nonlinear Opt. Phys. Mater. 25(3) (2016) 1650033.

A. A. Latiff, H. Shamsudin, Z. C. Tiu, H. Ahmad and S. W. Harun, Switchable soliton
mode-locked and multi-wavelength operation in thulium-doped all-fiber ring laser,
J. Nonlinear Opt. Phys. Mater. 25(3) (2016) 1650034.

D. Nath and P. Roy, Exact localized solutions of (1 + 1)-dimensional nonlinear
Schrodinger equation with complex PI" symmetric potentials and power—law nonlinear-
ity, J. Nonlinear Opt. Phys. Mater. 25(3) (2016) 1650036.

J. Zhang, Y. Xiang, Y. Li, D. Lei and L. Zhang, Role of anomalous self-steepening in
controlling self-accelerating airy pulses in nonlinear metamaterials, J. Nonlinear Opt.
Phys. Mater. 25(1) (2016) 1650036.

M. Mirzazadeh, M. Eslami, M. Savescu, A. H. Bhrawy, A. A. Alshaery, E. M. Hilal and
A. Biswas, Optical solitons in DWDM system with spatio-temporal dispersion, J. Non-
linear Opt. Phys. Mater. 24(1) (2015) 1550006.

C. P. Jisha, A. Alberucci and G. Assanto, PT-symmetric nonlocal gap solitons in optical
lattices, J. Nonlinear Opt. Phys. Mater. 23(4) (2014) 1450041.

M. Kwasny, U. A. Laudyn, K. A. Rutkowska and M. A. Karpierz, Nematicons routing
through two types of disclination lines in chiral nematic liquid crystals, J. Nonlinear Opt.
Phys. Mater. 23(4) (2014) 1450042.

A. Azmi and T. R. Marchant, Dispersive shock waves in colloids with temperature-
dependent compressibility, J. Nonlinear Opt. Phys. Mater. 23(4) (2014) 1450043.

P. Panayotaros and F. Rivero, Multi-peak breather stability in a dissipative discrete
nonlinear Schrédinger (NLS) equation, J. Nonlinear Opt. Phys. Mater. 23(4) (2014)
1450044.

L. W. Sciberras, A. A. Minzoni, N. F. Smyth and G. Assanto, Steering of optical solitary
waves by coplanar low power beams in reorientational media, J. Nonlinear Opt. Phys.
Mater. 23(4) (2014) 1450045.

A. Alberucci, G. Assanto, J. Michael, L. MacNeil and N. F. Smyth, Nematic liquid
crystals: An excellent playground for nonlocal nonlinear light localization in soft matter,
J. Nonlinear Opt. Phys. Mater. 23(4) (2014) 1450046.

F. A. Sala, M. A. Karpierz and G. Assanto, Spatial routing with light-induced waveguides
in uniaxial nematic liquid crystals, J. Nonlinear Opt. Phys. Mater. 23(4) (2014) 1450047.

1850005-41



	Optical soliton perturbation in magneto-optic waveguides
	1. Introduction
	1.1. Mathematical model

	2. Kerr Law
	2.1. Modified simple equation method
	2.2. Trial equation method
	2.3. Extended trial equation method

	3. Power Law
	3.1. Modified simple equation method
	3.2. Trial equation method
	3.3. Extended trial equation method

	4. Log Law
	4.1. Extended trial function method

	5. Conclusions
	Acknowledgments
	References


