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1. Introduction

The dynamics of soliton propagation through optical ¯bers, photonic crystal ¯ber

(PCF), and metamaterials is a major ongoing area of research in the ¯eld of nonlinear

optics for the past few decades. There are several results that have °ooded various

journals with novel results.1–15 There are a variety of results that have been reported

in this area. This includes results from birefringent ¯bers, embedded solitons,

Thirring solitons, dense wavelength-division multiplexing (DWDM) systems, cas-

caded systems, nematicons, and several others.16–35 This paper will address optical

solitons with a very di®erent °avor. The e®ect of magnetic ¯eld will be included and

the dynamics of soliton perturbation in the presence of such magnetic ¯eld will be

obtained. There are three types of nonlinear media that will be studied in this paper.

They are the Kerr law nonlinearity that is otherwise referred to as cubic nonlinearity,

power law, and the log law. Three integration schemes are employed to obtain soliton

solutions to the model. They are the modi¯ed simple equation method, trial solution

method, and ¯nally the extended trial solutions scheme. All of these methods retrieve

bright solitons, dark solitons, and singular solitons while the log law nonlinearity

leads to optical Gaussons. The constraint conditions for the existence of these

solitons and Gaussons are also presented.

1.1. Mathematical model

The mathematical model that describes the dynamics of soliton propagation through

optical ¯bers in the presence of magneto-optic ¯eld is given by the following coupled

system of nonlinear Schr€odinger's equation (NLSE)5,6,10,14:

iqt þ a1qxx þ b1qxt þ f�1F ðjqj2Þ þ �1F ðjrj2Þgq
¼ Q1rþ if�1qx þ �1ðFðjqj2ÞqÞx þ �1ðF ðjqj2ÞÞxqþ �1F ðjqj2Þqxg; ð1Þ

irt þ a2rxx þ b2rxt þ f�2F ðjrj2Þ þ �2F ðjqj2Þgr
¼ Q2qþ if�2rx þ �2ðFðjrj2ÞrÞx þ �2ðF ðjrj2ÞÞxrþ �2F ðjrj2Þrxg: ð2Þ

In Eqs. (1) and (2), aj represents the coe±cients of group velocity dispersion (GVD)

while bj, for j ¼ 1; 2, are the coe±cients of spatio-temporal dispersion (STD). The

functional F is the type of nonlinearity that will be considered. On the right-hand

side, Qj represents the magnetic ¯eld e®ect that avoids the formation of soliton

clutter. From the perturbation terms, �j are the coe±cients of intermodal dispersion.

Also, �j represents the coe±cients of self-steepening terms in order to avoid shock-

wave formation, �j are the coe±cients of nonlinear dispersion, while �j also gives

nonlinear dispersion. On the right-hand sides, they are all treated as strong per-

turbation terms. This paper will carry out the integration of the model given by (1)

and (2), in order to extract its soliton solutions. This will be possible, provided the

type of nonlinearity is known. The subsequent three sections detail the integration

schemes for three types of nonlinearity.
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2. Kerr Law

For Kerr law nonlinearity, F ðsÞ ¼ s. As a consequence, Eqs. (1) and (2) modify to

iqt þ a1qxx þ b1qxt þ f�1jqj2 þ �1jrj2gq
¼ Q1rþ if�1qx þ �1ðjqj2qÞx þ �1ðjqj2Þxqþ �1jqj2qxg; ð3Þ

irt þ a2rxx þ b2rxt þ f�2jrj2 þ �2jqj2gr
¼ Q2qþ if�2rx þ �2ðjrj2rÞx þ �2ðjrj2Þxrþ �2jrj2rxg: ð4Þ

To integrate the coupled NLSE (3)–(4), we assume a solution structure of the form

qðx; tÞ ¼ P1ð�Þei�ðx;tÞ; ð5Þ
rðx; tÞ ¼ P2ð�Þei�ðx;tÞ; ð6Þ

where the wave variable � is given by

� ¼ x� vt: ð7Þ
Here, Plð�Þ for l ¼ 1; 2 represents the amplitude component of the soliton and v is the

speed of the soliton, while phase factor is de¯ned as

�ðx; tÞ ¼ �	xþ !tþ �; ð8Þ
where 	 is the frequency of the solitons while ! represents the wave number and � is

the phase constant. Substituting (5) and (6) into Eqs. (3) and (4) and then

decomposing into real and imaginary parts give

ðal � blvÞP 00
l þ ðbl!	� !� al	

2 � �l	ÞPl

� ð	ð�l þ �lÞ � �lÞP 3
l þ �lPlP

2
�l �QlP�l ¼ 0; ð9Þ

with �l ¼ 3� l, and imaginary parts yields

�vð1� bl	ÞP 0
l þ ðbl!� 2al	� �lÞP 0

l ¼ ð3�l þ 2�l þ �lÞP 2
l P

0
l : ð10Þ

From Eq. (10), it is possible to retrieve the speed of the soliton

v ¼ bl!� 2al	� �l

1� bl	
; ð11Þ

as long as the constraints

bl	 6¼ 1; ð12Þ
3�l þ 2�l þ �l ¼ 0 ð13Þ

remain valid. Now, equating the two values of the solitons speed (11) leads to

a1 ¼ a2; b1 ¼ b2; �1 ¼ �2: ð14Þ
Consequently, Eq. (11) reduces to

v ¼ b!� 2a	� �

1� b	
; ð15Þ
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1850005-3

J.
 N

on
lin

ea
r 

O
pt

ic
. P

hy
s.

 M
at

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

04
/1

8/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



where it is assumed that al ¼ a, bl ¼ b and �l ¼ � for l ¼ 1; 2: Therefore, the coupled

NLSE with Kerr law nonlinearity for the perturbed magneto-optic waveguide is

re-casted as

iqt þ aqxx þ bqxt þ f�1jqj2 þ �1jrj2gq
¼ Q1rþ if�qx þ �1ðjqj2qÞx þ �1ðjqj2Þxqþ �1jqj2qxg; ð16Þ

irt þ arxx þ brxt þ f�2jrj2 þ �2jqj2gr
¼ Q2qþ if�rx þ �2ðjrj2rÞx þ �2ðjrj2Þxrþ �2jrj2rxg; ð17Þ

and as a consequence, the real part equation (9) modi¯es to

ða� bvÞP 00
l þ ðb!	� !� a	2 � �	ÞPl þ 2	ð�l þ �lÞP 3

l

þ f�lP 2
l þ �lP�l

2gPl �QlP�l ¼ 0; ð18Þ
or

ða� bvÞP 00
1 þ ðb!	� !� a	2 � �	ÞP1 � ð	ð�1 þ �1Þ � �1ÞP 3

1

þ �1P1P
2
2 �Q1P2 ¼ 0; ð19Þ

ða� bvÞP 00
2 þ ðb!	� !� a	2 � �	ÞP2 � ð	ð�2 þ �2Þ � �2ÞP 3

2

þ �2P2P
2
1 �Q2P1 ¼ 0: ð20Þ

2.1. Modi¯ed simple equation method

In this subsection, the modi¯ed simple equation method2,3,8 will be explored in detail

to obtain bright, dark, and singular soliton solutions to Eqs. (3) and (4). Using the

balancing principle in Eq. (18) leads to

P�l ¼ Pl: ð21Þ
Consequently, Eq. (18) reduces to

ða� bvÞP 00
l þ ðb!	� !� a	2 � �	�QlÞPl þ ð�l þ �l þ 2	ð�l þ �lÞÞP 3

l ¼ 0: ð22Þ
We suppose that Eq. (22) has the formal solution as

P ð�Þ ¼
XN
l¼0

al
 0ð�Þ
 ð�Þ

� �
l

; ð23Þ

where al are constants to be determined, such that aN 6¼ 0, and  ð�Þ is an unknown

function to be determined later. Balancing P 00
l with P 3

l in Eq. (22), then we get

N ¼ 1. So, we reach

Plð�Þ ¼ a0 þ a1
 0ð�Þ
 ð�Þ

� �
; a1 6¼ 0: ð24Þ

Substituting Eq. (24) in Eq. (22) and then setting the coe±cients of  �jð�Þ; j ¼
0; 1; 2; 3; to zero, then we obtain a set of algebraic equations involving a0, a1, 	, �, �l,
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�l, Ql, v and ! as follows:

 �3 coe®.:

a1 2ða� bvÞ þ a 2
1 �l þ 2	�l þ 2	�l þ �lð Þ� �

 0ð Þ3 ¼ 0; ð25Þ
 �2 coe®.:

3a1ð 00ðbv� aÞ þ a0a1 
0ð�l þ 2	�l þ 2	�l þ �lÞÞ 0 ¼ 0; ð26Þ

 �1 coe®.:

�a1ð ð3Þðbv� aÞ þ  0ða	2 þ �	� 3a2
0ð�l þ 2	�l þ 2	�l þ �lÞ � b	!þQl þ !ÞÞ ¼ 0;

ð27Þ
 0 coe®.:

a0ð�a	2 � �	þ a2
0 �l þ 2	�l þ 2	�l þ �lð Þ þ b	!�Ql � !Þ ¼ 0: ð28Þ

Solving this system, we obtain

a0 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQl þ !

�l þ 2	�l þ 2	�l þ �l

s
; a1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2ða� bvÞ
�l þ 2	�l þ 2	�l þ �l

s
; ð29Þ

and

 00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2ða	2 þ �	� b	!þQl þ !Þ

a� bv

r
 0; ð30Þ

 000 ¼ � 2ða	2 þ �	� b	!þQl þ !Þ
a� bv

 0: ð31Þ

From Eqs. (30) and (31), we can deduce that

 0ð�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a� bv

2ða	2 þ �	� b	!þQl þ !Þ

s
c1e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ða	2þ�	�b	!þQlþ!Þ

a�bv

p
�; ð32Þ

 ð�Þ ¼ � a� bv

2ða	2 þ �	� b	!þQl þ !Þ c1e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ða	2þ�	�b	!þQlþ!Þ

a�bv

p
� þ c2; ð33Þ

where c1 and c2 are constants of integration. Substituting Eqs. (32) and (33) into

Eq. (24), we obtain the following exact solution to Eqs. (3) and (4):

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ1 þ !

�1 þ �1 þ 2	ð�1 þ �1Þ

s
þ

a�bvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1þ�1þ2	ð�1þ�1ÞÞða	2þ�	�b	!þQ1þ!Þ

p

� c1e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ða	2þ�	�b	!þQ1þ!Þ

a�bv

p
�

� a�bv
2ða	2þ�	�b	!þQ1þ!Þ

� c1e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ða	2þ�	�b	!þQ1þ!Þ

a�bv

p
� þ c2

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

� eið�	xþ!tþ�Þ; ð34Þ

Optical soliton perturbation in magneto-optic waveguides
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rðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ2 þ !

�2 þ �2 þ 2	ð�2 þ �2Þ

s
þ

a�bvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�2þ�2þ2	ð�2þ�2ÞÞða	2þ�	�b	!þQ2þ!Þ

p

� c1e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ða	2þ�	�b	!þQ2þ!Þ

a�bv

p
�

� a�bv
2ða	2þ�	�b	!þQ2þ!Þ

� c1e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ða	2þ�	�b	!þQ2þ!Þ

a�bv

p
� þ c2

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

� eið�	xþ!tþ�Þ: ð35Þ
If we set c1 ¼ � 2ða	2þ�	�b	!þQ2þ!Þ

a�bv e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ða	2þ�	�b	!þQ2þ!Þ

a�bv

p
�0 ; c2 ¼ �1; we obtain

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ1 þ !

�1 þ �1 þ 2	ð�1 þ �1Þ

s

� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a	2 þ �	� b	!þQ1 þ !

2ða� bvÞ

s
ðx� vtþ �0Þ

" #
eið�	xþ!tþ�Þ; ð36Þ

rðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ2 þ !

�2 þ �2 þ 2	ð�2 þ �2Þ

s

� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a	2 þ �	� b	!þQ2 þ !

2ða� bvÞ

s
ðx� vtþ �0Þ

" #
eið�	xþ!tþ�Þ; ð37Þ

or

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ1 þ !

�1 þ �1 þ 2	ð�1 þ �1Þ

s

� coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a	2 þ �	� b	!þQ1 þ !

2ða� bvÞ

s
ðx� vtþ �0Þ

" #
eið�	xþ!tþ�Þ; ð38Þ

rðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ2 þ !

�2 þ �2 þ 2	ð�2 þ �2Þ

s

� coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� a	2 þ �	� b	!þQ2 þ !

2ða� bvÞ

s
ðx� vtþ �0Þ

" #
eið�	xþ!tþ�Þ: ð39Þ

These are dark and singular soliton solutions, respectively, and are valid for

a	2 þ �	� b	!þQl þ ! > 0; ð40Þ
a� bv < 0: ð41Þ

2.2. Trial equation method

In this subsection, we would like to extend the trial equation method1,4,13 to solve

Eqs. (3) and (4). To kick o® the solution extraction process to (22), the following trial
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equation is considered:

ðP 0Þ2 ¼ F ðPÞ ¼
Xs
l¼0

alP
l; ð42Þ

where s and al are constants to be determined.We rewrite Eq. (42) by the integral form

�ð� � �0Þ ¼
Z

dPffiffiffiffiffiffiffiffiffiffiffi
F ðPÞp : ð43Þ

Balancing P 00
l with P 3

l in Eq. (22), then we get s ¼ 4. Using the solution procedure of

the trial equation method, we obtain the system of algebraic equations as follows:

u3 coe®.:

2a4ða� bvÞ þ �l þ 2	�l þ 2	�l þ �l ¼ 0; ð44Þ
u2 coe®.:

3

2
a3ða� bvÞ ¼ 0; ð45Þ

u1 coe®.:

a2ða� bvÞ � a	2 � �	þ b	!�Ql � ! ¼ 0; ð46Þ
u0 coe®.:

1

2
a1ða� bvÞ ¼ 0: ð47Þ

Solving the above system of algebraic equations, we obtain the following results:

a1 ¼ 0; a2 ¼
a	2 þ �	� b	!þQl þ !

a� bv
; a3 ¼ 0;

a4 ¼ � �l þ �l þ 2	 �l þ �lð Þ
2ða� bvÞ :

ð48Þ

Substituting these results into Eqs. (42) and (43), we get

�ð� � �0Þ ¼
Z

dPlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0 þ a	2þ�	�b	!þQlþ!

a�bv Pl
2 � �lþ�lþ2	 �lþ�lð Þ

2ða�bvÞ Pl
4

q ; ð49Þ

where a0 is an arbitrary real constant. If we set a0 ¼ 0 in Eq. (49) and integrating with

respect to Pl, we get

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2ða	2 þ �	� b	!þQ1 þ !Þ

�1 þ 2	ð�1 þ �1Þ þ �1

s

� sech

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ1 þ !

a� bv

r
ðx� vt� �0Þ

" #
eið�	xþ!tþ�Þ; ð50Þ
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rðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 2ða	2 þ �	� b	!þQ2 þ !Þ

�2 þ 2	ð�2 þ �2Þ þ �2

s

� sech

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ2 þ !

a� bv

r
ðx� vt� �0Þ

" #
eið�	xþ!tþ�Þ; ð51Þ

or

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ða	2 þ �	� b	!þQ1 þ !Þ

�1 þ 2	ð�1 þ �1Þ þ �1

s

� csch

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ1 þ !

a� bv

r
ðx� vt� �0Þ

" #
eið�	xþ!tþ�Þ; ð52Þ

rðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ða	2 þ �	� b	!þQ2 þ !Þ

�2 þ 2	ð�2 þ �2Þ þ �2

s

� csch

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a	2 þ �	� b	!þQ2 þ !

a� bv

r
ðx� vt� �0Þ

" #
eið�	xþ!tþ�Þ; ð53Þ

which are bright and singular soliton solutions and they exist for

a	2 þ �	� b	!þQl þ ! > 0; ð54Þ
a� bv > 0: ð55Þ

2.3. Extended trial equation method

In this subsection, we will apply the extended trial equation method7,9,11,12,15 to

address the coupled NLSE with Kerr law nonlinearity. To start with the extraction

of solutions to (19) and (20), the following assumption for the soliton structure is

made:

P1 ¼
X&
i¼0


 i�
i; ð56Þ

P2 ¼
X~&
i¼0

~
 i�
i; ð57Þ

where

ð�0Þ2 ¼ �ð�Þ ¼ �ð�Þ
�ð�Þ ¼

���
� þ � � � þ �1�þ �0


��� þ � � � þ 
1�þ 
0

: ð58Þ

A. Biswas et al.
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Here 
0; . . . ; 
 & ; ~
 0; . . . ; ~
 ~& ; �0; . . . ; �� and 
0; . . . ; 
� are constants to be determined

later. We can reduce Eq. (58) to the elementary integral form as follows:

�ð� � �0Þ ¼
Z

d�ffiffiffiffiffiffiffiffiffiffiffi
�ð�Þp ¼

Z ffiffiffiffiffiffiffiffiffiffiffiffi
�ð�Þ
�ð�Þ

s
d�: ð59Þ

According to the balance principle, one determines a relation of �, �, & and ~& which

is given by

& ¼ ~& ¼ �� �� 2

2
: ð60Þ

When � ¼ 4, � ¼ 0 and & ¼ ~& ¼ 1 in Eq. (60), we then assume that Eqs. (19) and (20)

have the following formal solutions:

P1 ¼ 
0 þ 
1�; ð61Þ
P2 ¼ ~
 0 þ ~
 1�; ð62Þ

where 
 i and ~
 i for i ¼ 0; 1 are constants to be determined later, and � satis¯es

Eq. (58). Substituting these formal solutions into (19) and (20), and solving the

resulting system of algebraic equations, one recovers

�1 ¼
2~
 0½�2~
 2

1ða� bvÞ þ 2
0~

2
0ð~
 2

1ð�2 � 	ð�2 þ �2ÞÞ þ �2

2
1Þ�

~
 3
1ða� bvÞ ;

�3 ¼
2
0~
 0½~
 2

1ð	ð�2 þ �2Þ � �2Þ � �2

2
1�

~
 1ða� bvÞ ;

�4 ¼

0½~
 2

1ð	ð�2 þ �2Þ � �2Þ � �2

2
1�

2ða� bvÞ ;

�1 ¼ �2 þ 	ð�1 þ �1Þ �
~
 2
1½�1 þ 	ð�2 þ �2Þ � �2�


 2
1

;

�0 ¼ �0; �2 ¼ �2; 
1 ¼ 
1; ~
 0 ¼ ~
 0; ~
 1 ¼ ~
 1; 
0 ¼

1~
 0
~
 1

; Q1 ¼

 2
1Q2

~
 2
1

;

! ¼ �3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ þ 
0ð	ð�þ a	Þ þ 3~
 2

0ð	ð�2 þ �2Þ � �2ÞÞÞ�

0~


2
1ðb	� 1Þ :

ð63Þ
Substituting these results into (58) and (59) leads to

�ð� � �0Þ ¼ �

Z
d�ffiffiffiffiffiffiffiffiffiffiffi
�ð�Þp ; ð64Þ

where

�ð�Þ ¼ �4 þ �3
�4

�3 þ �2
�4

�2 þ �1
�4

�þ �0
�4
; � ¼

ffiffiffiffiffiffi

0

�4

r
: ð65Þ
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As a consequence, we obtain the traveling wave solutions to the coupled NLSE

with Kerr law nonlinearity in the following forms:

For �ð�Þ ¼ ð�� �1Þ4,

qðx; tÞ ¼ 
0 þ 
1�1 �

1�

x� b!�2a	��
1�b	

� �
t� �0

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775:

ð66Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�1 �
~
 1�

x� b!�2a	��
1�b	

� �
t� �0

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775:

ð67Þ
If �ð�Þ ¼ ð�� �1Þ3ð�� �2Þ and �2 > �1,

qðx; tÞ ¼ 
0 þ 
1�1 þ
4
1�

2ð�2 � �1Þ
4�2 � ð�1 � �2Þ x� b!�2a	��

1�b	

� �
t� �0

� �� 	
2

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð68Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�1 þ
4~
 1�

2ð�2 � �1Þ
4�2 � ð�1 � �2Þ x� b!�2a	��

1�b	

� �
t� �0

� �� 	
2

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775:

ð69Þ

A. Biswas et al.
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However, when �ð�Þ ¼ ð�� �1Þ2ð�� �2Þ2,

qðx; tÞ ¼ 
0 þ 
1�2 þ

1ð�2 � �1Þ

exp �1��2
� x� b!�2a	��

1�b	

� �
t� �0

� �� 	� 1

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð70Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�2 þ
~
 1ð�2 � �1Þ

exp �1��2
� x� b!�2a	��

1�b	

� �
t� �0

� �� 	� 1

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð71Þ
and

qðx; tÞ ¼ 
0 þ 
1�1 þ

1ð�1 � �2Þ

exp �1��2
� x� b!�2a	��

1�b	

� �
t� �0

� �� 	� 1

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð72Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�1 þ
~
 1ð�1 � �2Þ

exp �1��2
� x� b!�2a	��

1�b	

� �
t� �0

� �� 	� 1

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775:

ð73Þ
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Whenever �ð�Þ ¼ ð�� �1Þ2ð�� �2Þð�� �3Þ and �1 > �2 > �3,

qðx; tÞ ¼ 
0 þ 
1�1 �
2
1ð�1 � �2Þð�1 � �3Þ

2�1 � �2 � �3 þ ð�3 � �2Þ cosh
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��2Þð�1��3Þ

p
� x� b!�2a	��

1�b	

� �
t

� �
 �

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBB@

1
CCCAtþ �

8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775;

ð74Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�1 �
2~
 1ð�1 � �2Þð�1 � �3Þ

2�1 � �2 � �3 þ ð�3 � �2Þ cosh

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��2Þð�1��3Þ

p
� x� b!�2a	��

1�b	

� �
t

� �
 �

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBB@

1
CCCAtþ �

8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775:

ð75Þ
On the other hand, if �ð�Þ ¼ ð�� �1Þð�� �2Þð�� �3Þð�� �4Þ and

�1 > �2 > �3 > �4,

qðx; tÞ ¼ 
0 þ 
1�2 þ

1ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þsn2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�



x� b!�2a	��

1�b	

� �
t� �0

� �
;m

�

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBB@

1
CCCAtþ �

8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775;

ð76Þ
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rðx; tÞ ¼ ~
 0 þ ~
 1�2 þ
~
 1ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þsn2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�



x� b!�2a	��

1�b	

� �
t� �0

� �
;m

�

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð77Þ
where modulus m is given by

m2 ¼ ð�2 � �3Þð�1 � �4Þ
ð�1 � �3Þð�2 � �4Þ

: ð78Þ

It should be noted that �j for j ¼ 1; . . . ; 4 are the roots of the following equation:

�ð�Þ ¼ 0: ð79Þ
Under the conditions 
0 ¼ �
1�1, ~
 0 ¼ �~
 1�1 and �0 ¼ 0, the solutions (66)–(75)

can be reduced to plane wave solutions:

qðx; tÞ ¼ � 
1�

x� b!�2a	��
1�b	

� �
t

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð80Þ

rðx; tÞ ¼ � ~
 1�

x� b!�2a	��
1�b	

� �
t

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
1ðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
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qðx; tÞ ¼ 4
1�
2ð�2 � �1Þ

4�2 � ð�1 � �2Þ x� b!�2a	��
1�b	

� �
t

� �� 	
2

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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2
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rðx; tÞ ¼ 4~
 1�
2ð�2 � �1Þ

4�2 � ð�1 � �2Þ x� b!�2a	��
1�b	

� �
t

� �� 	
2

( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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2
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traveling wave solutions

qðx; tÞ ¼ 
1ð�2 � �1Þ
2

1� coth
�1 � �2
2�

x� b!� 2a	� �

1� b	

� 

t

� �
 �� �� 


� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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rðx; tÞ ¼ ~
 1ð�2 � �1Þ
2

1� coth
�1 � �2
2�

x� b!� 2a	� �

1� b	

� 

t

� �
 �� �� 


� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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and soliton solutions

qðx; tÞ ¼ K

M þ cosh L x� b!�2a	��
1�b	

� �
t

� �� 	
( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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rðx; tÞ ¼
~K

M þ cosh L x� b!�2a	��
1�b	

� �
t

� �� 	
( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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ð87Þ
where

K ¼ 2
1ð�1 � �2Þð�1 � �3Þ
�3 � �2

; ð88Þ

~K ¼ 2~
 1ð�1 � �2Þð�1 � �3Þ
�3 � �2

; ð89Þ

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�1 � �2Þð�1 � �3Þ

p
�

; ð90Þ

M ¼ 2�1 � �2 � �3
�3 � �2

: ð91Þ

Note that the amplitudes of the solitons are given by (88) and (89), while the inverse

width of the solitons is given by (90). These solitons are valid for 
1 < 0 and ~
 1 < 0.

Moreover, under the conditions 
0 ¼ �
1�2, ~
 0 ¼ �~
 1�2 and �0 ¼ 0, Jacobi elliptic

function solutions (76) and (77) are reduced to

qðx; tÞ ¼ K1

M1 þ sn2 Lj x� b!�2a	��
1�b	

� �
t

� �
; ð�2��3Þð�1��4Þð�1��3Þð�2��4Þ

h i
8<
:

9=
;

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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rðx; tÞ ¼
~K1

M1 þ sn2 Lj x� b!�2a	��
1�b	

� �
t

� �
; ð�2��3Þð�1��4Þð�1��3Þð�2��4Þ

h i
8<
:

9=
;

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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2
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where

K1 ¼

1ð�1 � �2Þð�4 � �2Þ

�1 � �4
; ð94Þ

~K1 ¼
~
 1ð�1 � �2Þð�4 � �2Þ

�1 � �4
; ð95Þ

M1 ¼
�4 � �2
�1 � �4

; ð96Þ

Lj ¼
ð�1Þj ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�1 � �3Þð�2 � �4Þ

p
2�

for j ¼ 1; 2: ð97Þ

Remark 1. When themodulusm ! 1, singular optical soliton solutions are recovered:

qðx; tÞ ¼ K1

M1 þ tanh2 Lj x� b!�2a	��
1�b	

� �
t

� �� 	
( )

�exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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2
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rðx; tÞ ¼
~K1

M1 þ tanh2 Lj x� b!�2a	��
1�b	

� �
t

� �� 	
( )

�exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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where �3 ¼ �4.

Remark 2. However, if m ! 0, the following periodic singular solutions are

obtained:

qðx; tÞ ¼ K1

M1 þ sin2 Lj x� b!�2a	��
1�b	

� �
t

� �� 	
( )

� exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�
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2
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rðx; tÞ ¼
~K1

M1 þ sin2 Lj x� b!�2a	��
1�b	

� �
t

� �� 	
( )

�exp i �	xþ

�3�2

2
1
0~


2
0 þ ~
 1½
1
0Q2 þ ~
 1ð�2ðbv� aÞ

þ 
0ð	ð�þ a	Þ þ 3~
 2
0ð	ð�2 þ �2Þ � �2ÞÞÞ�


0~

2
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>>>>;
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ð101Þ
where �2 ¼ �3.

3. Power Law

For the power law nonlinearity, F ðsÞ ¼ sn, where n represents the power law non-

linearity parameter. Here the stability issue dictates 0 < n < 2 and also n 6¼ 2 for

avoiding self-focusing singularity. Thus, the system (1)–(2) is rewritten as

iqt þ a1qxx þ b1qxt þ f�1jqj2n þ �1jrj2ngq
¼ Q1rþ if�1qx þ �1ðjqj2nqÞx þ �1ðjqj2nÞxqþ �1jqj2nqxg; ð102Þ

irt þ a2rxx þ b2rxt þ f�2jrj2n þ �2jqj2ngr
¼ Q2qþ if�2rx þ �2ðjrj2nrÞx þ �2ðjrj2nÞxrþ �2jrj2nrxg: ð103Þ

Upon substituting (5) and (6) into (102) and (103), the resulting real part obtained is

ðal � blvÞP 00
l þ ðbl!	� !� al	

2 � �l	ÞPl þ ð�lP 2n
l þ �lP

2n
�l ÞPl

¼ QlP�l þ 	ð�l þ �lÞP 2nþ1
l ; ð104Þ

and for the imaginary part

vðbl	� 1ÞP 0
l þ ðbl!� 2al	� �lÞP 0

l ¼ fð2nþ 1Þ�l þ 2n�l þ �lgP 2n
l P 0

l : ð105Þ
From (105) it is possible to retrieve the solitons speed (11) as long as the constraints

(12) and

ð2nþ 1Þ�l þ 2n�l þ �l ¼ 0: ð106Þ
Consequently (14) and (15) are also satis¯ed in this case, and the real part (104)

becomes

ða� bvÞP 00
l þ ðb!	� !� a	2 � �	ÞPl þ 2n	ð�l þ �lÞP 2nþ1

l

þ f�lP 2n
l þ �lP�l

2ngPl �QlP�l ¼ 0; ð107Þ
or

ða� bvÞP 00
l þ ðb!	� !� a	2 � �	ÞPl þ ð�lP 2n

l þ �lP
2n
�l ÞPl

¼ QlP�l þ 	ð�l þ �lÞP 2nþ1
l : ð108Þ
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3.1. Modi¯ed simple equation method

In this subsection, the modi¯ed simple equation approach will be utilized in detail, to

seek bright, dark, and singular soliton solutions to the coupled NLSE with power law

nonlinearity. Using the balancing principle in Eq. (107) leads to

P�l ¼ Pl: ð109Þ
Consequently, Eq. (107) reduces to

ða� bvÞP 00
l þ ðb!	� !� a	2 � �	�QlÞPl þ ð�l þ �l þ 2n	ð�l þ �lÞÞP 2nþ1

l ¼ 0:

ð110Þ
Set

Pl ¼ U
1
n

l ; ð111Þ
so that (110) transforms to

ða� bvÞðnUlU
00
l þ ð1� nÞU 0

l
2Þ þ n2ðb!	� a	2 � �	�Ql � !ÞU 2

l

þ n2ð�l þ 2	nð�l þ �lÞ þ �lÞU 4
l ¼ 0: ð112Þ

Balancing UlU
00
l with U 4

l in Eq. (112), then we get N ¼ 1. Thus, we reach

Ulð�Þ ¼ a0 þ a1
 0ð�Þ
 ð�Þ

� �
; a1 6¼ 0: ð113Þ

Substituting Eq. (113) in Eq. (112) and then setting the coe±cients of  �jð�Þ; j ¼
0; 1; 2; 3; 4 to zero, then we obtain a set of algebraic equations involving a0, a1, 	, �,

�l, �l, Ql, v and ! as follows:

 �4 coe®.:

a 2
1ððnþ 1Þða� bvÞ þ a2

1n
2ð�l þ 2	n�l þ 2	n�l þ �lÞÞ 04 ¼ 0; ð114Þ

 �3 coe®.:

a1ð2a0n 0ðða� bvÞ þ 2a2
1nð�l þ 2	n�l þ 2	n�l þ �lÞÞ

� a1ðnþ 2Þ 00ða� bvÞÞ 02 ¼ 0; ð115Þ
 �2 coe®.:

�3a1a0n 
0 00ða� bvÞ þ a2

1n
2ð 0Þ2ð�a	2 � �	þ 6a2

0ð�l þ 2	n�l þ 2	n�l þ �lÞ
þ b	!�Ql � !Þ � a2

1ðn� 1Þð 00Þ2ða� bvÞ þ a 2
1n 

000
 0ða� bvÞ ¼ 0; ð116Þ

 �1 coe®.:

a0a1nð ð3Þða� bvÞ þ 2n 0ð�a	2 � �	þ 2a2
0ð�l þ 2	n�l þ 2	n�l þ �lÞ

þ b	!�Ql � !ÞÞ ¼ 0; ð117Þ
 0 coe®.:

a2
0n

2ð�a	2 � �	þ a2
0ð�l þ 2	n�l þ 2	n�l þ �lÞ þ b	!�Ql � !Þ ¼ 0: ð118Þ

A. Biswas et al.

1850005-18

J.
 N

on
lin

ea
r 

O
pt

ic
. P

hy
s.

 M
at

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

N
E

W
 E

N
G

L
A

N
D

 o
n 

04
/1

8/
18

. F
or

 p
er

so
na

l u
se

 o
nl

y.



Solving this system, we obtain

a0 ¼ 0; a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þðbv� aÞp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ð�l þ 2	n�l þ 2	n�l þ �lÞ

p ; ð119Þ

and

 00 ¼ 0; ð120Þ

 000 ¼ nða	2 þ �	� b	!þQl þ !Þ
a� bv

 0: ð121Þ

This leads to trivial solution. Thus, modi¯ed simple equation method fails to retrieve

soliton solutions in magneto-optic waveguides that carry power law nonlinearity.

This is expected as it is known from before that dark and singular solitons for power

law nonlinear medium will exist, provided power law collapses to Kerr law.

3.2. Trial equation method

This subsection will apply the trial equation approach to retrieve bright, dark, and

singular soliton solutions to the governing equation. Balancing UlU
00
l with U 4

l in

Eq. (112), then we get s ¼ 4. Using the solution procedure of the trial equation

method, we obtain the system of algebraic equations as follows:

u4 coe®.:

a4ðnþ 1Þða� bvÞ þ n2ð�l þ 2	n�l þ 2	n�l þ �lÞ ¼ 0; ð122Þ
u3 coe®.:

1

2
a3ðnþ 2Þða� bvÞ ¼ 0; ð123Þ

u2 coe®.:

a2ða� bvÞ � n2ða	2 þ �	� b	!þQl þ !Þ ¼ 0; ð124Þ
u1 coe®.:

1

2
a1ðn� 2Þða� bvÞ ¼ 0; ð125Þ

u0 coe®.:

a0ðn� 1Þða� bvÞ ¼ 0: ð126Þ
Solving the above system of algebraic equations, we obtain the following results:

a0 ¼ 0; a1 ¼ 0; a2 ¼
n2 a	2 þ �	� b	!þQl þ !ð Þ

a� bv
;

a3 ¼ 0; a4 ¼ � n2 �l þ 2	n �l þ �lð Þ þ �lð Þ
ðnþ 1Þða� bvÞ :

ð127Þ
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Substituting these results into Eqs. (42) and (43), we get

�ð� � �0Þ ¼
Z

dUlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ða	2þ�	�b	!þQlþ!Þ

a�bv Ul
2 � n2ð�lþ2	nð�lþ�lÞþ�lÞ

ðnþ1Þða�bvÞ Ul
4

q : ð128Þ

Integrating with respect to Ul, we get

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� ðnþ 1Þða	2 þ �	� b	!þQ1 þ !Þ

�l þ 2	nð�1 þ �1Þ þ �1

s8<
:

� sech

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ða	2 þ �	� b	!þQ1 þ !Þ

a� bv

r
ðx� vt� �0Þ

" #9=
;

1
n

� eið�	xþ!tþ�Þ; ð129Þ

rðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� ðnþ 1Þða	2 þ �	� b	!þQ2 þ !Þ

�2 þ 2	nð�2 þ �2Þ þ �2

s
sech

8<
:

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ða	2 þ �	� b	!þQ2 þ !Þ

a� bv

r
ðx� vt� �0Þ

" #9=
;

1
n

�eið�	xþ!tþ�Þ; ð130Þ
or

qðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þða	2 þ �	� b	!þQ1 þ !Þ

�l þ 2	nð�1 þ �1Þ þ �1

s
csch

8<
:

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ða	2 þ �	� b	!þQ1 þ !Þ

a� bv

r
ðx� vt� �0Þ

" #9=
;

1
n

�eið�	xþ!tþ�Þ; ð131Þ

rðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þða	2 þ �	� b	!þQ2 þ !Þ

�2 þ 2	nð�2 þ �2Þ þ �2

s
csch

8<
:

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 a	2 þ �	� b	!þQ2 þ !ð Þ

a� bv

r
ðx� vt� �0Þ

" #9=
;

1
n

�eið�	xþ!tþ�Þ: ð132Þ
These are again bright and singular soliton solutions and remain valid for

a	2 þ �	� b	!þQl þ ! > 0; ð133Þ
a� bv > 0: ð134Þ
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3.3. Extended trial equation method

In this subsection, we will use the extended trial equation scheme to derive soliton

solutions to the model. Using the balancing procedure between P 00
l and P 2nþ1

l in

Eq. (108), we have

N ¼ 1

n
: ð135Þ

To obtain an analytic solution, we use the transformation

P1 ¼ V
1
2n

1 ¼ V
1
2n

2 ¼ P2 ð136Þ
in Eq. (108) to ¯nd

ða� bvÞfð1� 2nÞðV 0
1Þ2 þ 2nV1V

00
1 g þ 4n2ðb!	� !� a	2 � �	�Q1ÞV 2

1

þ 4n2f�1 þ �1 � 	ð�1 þ �1ÞgV 3
1 ¼ 0; ð137Þ

ða� bvÞfð1� 2nÞðV 0
2Þ2 þ 2nV2V

00
2 g þ 4n2ðb!	� !� a	2 � �	�Q2ÞV 2

2

þ 4n2f�2 þ �2 � 	ð�2 þ �2ÞgV 3
2 ¼ 0: ð138Þ

Balancing the order of VlV
00
l and V 3

l in Eqs. (137) and (138), we determine a relation

of �, �, & and ~& as

& ¼ ~& ¼ �� �� 2: ð139Þ

Case 1. When � ¼ 3, � ¼ 0 and & ¼ ~& ¼ 1 in Eq. (139), Eqs. (137) and (138) have

the solutions in the forms

V1 ¼ 
0 þ 
1�; ð140Þ
V2 ¼ ~
 0 þ ~
 1�; ð141Þ

where 
 i and ~
 i for i ¼ 0; 1 are constants to be determined later, and � satis¯es

Eq. (58). Substituting these solutions into Eqs. (137) and (138), and solving the

resulting system of algebraic equations, one recovers the following solution set:

�1 ¼
2�0~
 1
~
 0

� 4n2
0~

2
0½�2 � 	ð�2 þ �2Þ þ �2�

~
 1ðnþ 1Þða� bvÞ ;

�2 ¼
�0~


2
1

~
 2
0

� 8n2
0~
 0½�2 � 	ð�2 þ �2Þ þ �2�
ðnþ 1Þða� bvÞ ;

�3 ¼ � 4n2
0~
 1½�2 � 	ð�2 þ �2Þ þ �2�
ðnþ 1Þða� bvÞ ;

�1 ¼ 	�1 þ 	�1 � �1 þ
~
 1½�2 � 	ð�2 þ �2Þ þ �2�


1
;

�0 ¼ �0; 
1 ¼ 
1; ~
 0 ¼ ~
 0; ~
 1 ¼ ~
 1; Q1 ¼ Q2; 
0 ¼

1~
 0
~
 1

;
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! ¼

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ :

ð142Þ
Substituting these results into (58) and (59) leads to

�ð� � �0Þ ¼
ffiffiffiffiffiffi
�1

p Z
d�ffiffiffiffiffiffiffiffiffiffiffi
�ð�Þp ; ð143Þ

where

�ð�Þ ¼ �3 þ �2
�3

�2 þ �1
�3

�þ �0
�3
; �1 ¼


0

�3
: ð144Þ

As a consequence, we obtain the traveling wave solutions to the coupled NLSE with

power law nonlinearity as the following:

If �ð�Þ ¼ ð�� �1Þ3,

qðx; tÞ ¼ 
0 þ 
1�1 þ
4
1�1

x� b!�2a	��
1�b	

� �
t� �0

� 	
2

( ) 1
2n

�exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð145Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�1 þ
4~
 1�1

x� b!�2a	��
1�b	

� �
t� �0

� 	
2

( ) 1
2n

�exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775:

ð146Þ
For �ð�Þ ¼ ð�� �1Þ2ð�� �2Þ and �2 > �1,

qðx; tÞ ¼ 
0 þ 
1�2 þ 
1ð�1 � �2Þtanh2
(

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�1

s
x� b!� 2a	� �

1� b	

� 

t� �0

� �" #) 1
2n
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� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð147Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�2 þ ~
 1ð�1 � �2Þtanh2
(

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�1

s
x� b!� 2a	� �

1� b	

� 

t� �0

� �" #) 1
2n

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775:

ð148Þ
However, when �ð�Þ ¼ ð�� �1Þð�� �2Þ2 and �1 > �2,

qðx; tÞ ¼ 
0 þ 
1�1 þ 
1ð�1 � �2Þcsch2
(

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�1

s
x� b!� 2a	� �

1� b	

� 

t

� �" #) 1
2n

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð149Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�1 þ ~
 1ð�1 � �2Þcsch2
(

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�1

s
x� b!� 2a	� �

1� b	

� 

t

� �" #) 1
2n

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775:

ð150Þ
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On the other hand, if �ð�Þ ¼ ð�� �1Þð�� �2Þð�� �3Þ and �1 > �2 > �3,

qðx; tÞ ¼ 
0 þ 
1�3 þ 
1ð�2 � �3Þsn2
(

� � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�1

s
x� b!� 2a	� �

1� b	

� 

t� �0

� �
;m

" #) 1
2n

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBB@

1
CCCAtþ �

8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775;

ð151Þ

rðx; tÞ ¼ ~
 0 þ ~
 1�3 þ ~
 1ð�2 � �3Þsn2
(

� � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�1

s
x� b!� 2a	� �

1� b	

� 

t� �0

� �
;m

" #) 1
2n

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBB@

1
CCCAtþ �

8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775;

ð152Þ
where

m2 ¼ �2 � �3
�1 � �3

: ð153Þ

It should be noted that �i for i ¼ 1; 2; 3 are the roots of the equation

�ð�Þ ¼ 0: ð154Þ
When 
0 ¼ �
1�1, ~
 0 ¼ �~
 1�1 and �0 ¼ 0, the solutions (145)–(150) can be reduced

to rational function solutions:

qðx; tÞ ¼ K2

x� b!�2a	��
1�b	

� �
t

( )1
n

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBB@

1
CCCAtþ �

8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775;

ð155Þ
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rðx; tÞ ¼
~K2

x� b!�2a	��
1�b	

� �
t

( )1
n

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð156Þ
1-soliton solutions

qðx; tÞ ¼ K3

cosh
1
n L3 x� b!�2a	��

1�b	

� �
t

� �� 	
( )

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð157Þ

rðx; tÞ ¼
~K3

cosh
1
n L3 x� b!�2a	��

1�b	

� �
t

� �� 	
( )

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð158Þ
and singular soliton solutions

qðx; tÞ ¼ K4

sinh
1
n L3 x� b!�2a	��

1�b	

� �
t

� �� 	
( )

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð159Þ
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rðx; tÞ ¼
~K4

sinh
1
n L3 x� b!�2a	��

1�b	

� �
t

� �� 	
( )

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð160Þ
where

K2 ¼ 2
ffiffiffiffiffiffiffiffiffiffi

1�1

p
; ~K2 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
~
 1�1

p
; ð161Þ

K3 ¼ ½
1ð�2 � �1Þ� 1
2n ; ~K3 ¼ ½~
 1ð�2 � �1Þ� 1

2n ; ð162Þ
K4 ¼ ½
1ð�1 � �2Þ� 1

2n ; ~K4 ¼ ½~
 1ð�1 � �2Þ� 1
2n ; ð163Þ

L3 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�1

s
: ð164Þ

We should note thatK3, ~K3 andK4, ~K4 are, respectively, the amplitudes of 1-soliton

and singular soliton solutions, while L3 is the inverse width of the solitons. These

solitons are valid for 
1 > 0 and ~
 1 > 0. Furthermore, when 
0 ¼ �
1�3, ~
 0 ¼ �~
 1�3
and �0 ¼ 0, the Jacobi elliptic function solutions (151) and (152) can be simpli¯ed as

qðx; tÞ ¼ K5sn
1
n Lj x� b!� 2a	� �

1� b	

� 

t

� �
;
�2 � �3
�1 � �3


 �

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð165Þ

rðx; tÞ ¼ ~K5sn
1
n Lj x� b!� 2a	� �

1� b	

� 

t

� �
;
�2 � �3
�1 � �3


 �

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð166Þ
where

K5 ¼ ½
1ð�2 � �3Þ� 1
2n ; ~K5 ¼ ½~
 1ð�2 � �3Þ� 1

2n ; ð167Þ
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Lj ¼
ð�1Þj
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�1

s
for j ¼ 4; 5: ð168Þ

Remark 3. When the modulus m ! 1, dark soliton solutions fall out

qðx; tÞ ¼ K5tanh
1
n Lj x� b!� 2a	� �

1� b	

� 

t

� �
 �

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð169Þ

rðx; tÞ ¼ ~K5tanh
1
n Lj x� b!� 2a	� �

1� b	

� 

t

� �
 �

� exp i �	xþ

4n2
0~

2
0½ðnþ 1Þð	ð�þ a	Þ þQ2Þ � ~
 0ð�2

� 	ð�2 þ �2Þ þ �2Þ� � �0~

2
1ðnþ 1Þða� bvÞ

4n2
0~

2
0ðnþ 1Þðb	� 1Þ

0
BBBB@

1
CCCCAtþ �

8>>>><
>>>>:

9>>>>=
>>>>;

2
66664

3
77775;

ð170Þ
where �1 ¼ �2.

Case 2. If we take � ¼ 4, � ¼ 0 and & ¼ ~& ¼ 2 in Eq. (139), we assume that

Eqs. (137) and (138) have the following formal solutions:

V1 ¼ 
0 þ 
1�þ 
2�
2; ð171Þ

V2 ¼ ~
 0 þ ~
 1�þ ~
 2�
2; ð172Þ

where 
 i and ~
 i for i ¼ 0; 1; 2 are constants to be determined later, and � satis¯es

Eq. (58). Substituting these formal solutions into Eqs. (137) and (138), and solving

the resulting system of algebraic equations, one recovers


2 ¼ 
2; ~
 0 ¼ ~
 0; ~
 1 ¼ ~
 1; ~
 2 ¼ ~
 2;

Q1 ¼ Q2; 
0 ¼

2~
 0
~
 2

; 
1 ¼

2~
 1
~
 2

;

�0 ¼ � n2
2
0~

2
0 �1 � 	 �1 þ �1ð Þ þ �1½ �

~
 2
2ðnþ 1Þða� bvÞ ;

�1 ¼ � 2n2
2
0~
 0~
 1½�1 � 	ð�1 þ �1Þ þ �1�
~
 2
2ðnþ 1Þða� bvÞ ;

�2 ¼ � n2
2
0ð~
 2
1 þ 2~
 0~
 2Þ½�1 � 	ð�1 þ �1Þ þ �1�

~
 2
2ðnþ 1Þða� bvÞ ;
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�3 ¼ � 2n2
2
0~
 1½�1 � 	ð�1 þ �1Þ þ �1�
~
 2ðnþ 1Þða� bvÞ ;

�4 ¼ � n2
2
0½�1 � 	ð�1 þ �1Þ þ �1�
ðnþ 1Þða� bvÞ ;

�2 ¼
~
 2ð�2 � 	�2 þ �2Þ þ 
2½��1 þ 	ð�1 þ �1Þ � �1�

	~
 2
;

! ¼


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1� � 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ :

ð173Þ
Substituting the solution set (173) into Eqs. (58) and (59) leads to

�ð� � �0Þ ¼ �2

Z
d�ffiffiffiffiffiffiffiffiffiffiffi
�ð�Þp ; ð174Þ

where

�ð�Þ ¼ �4 þ �3
�4

�3 þ �2
�4

�2 þ �1
�4

�þ �0
�4
; �2 ¼

ffiffiffiffiffiffi

0

�4

r
: ð175Þ

Integrating (174) and taking �0 ¼ 0, we have the traveling wave solutions to (102)

and (103) in the following forms:

For �ð�Þ ¼ ð�� �1Þ4,

qðx; tÞ ¼
X2
j¼0


 j �1 �
�2

x� b!�2a	��
1�b	

� �
t

 !
j

" # 1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBB@

1
CCCCCCCCA
tþ �

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

2
6666666664

3
7777777775
; ð176Þ

rðx; tÞ ¼
X2
j¼0

~
 j �1 �
�2

x� b!�2a	��
1�b	

� �
t

 !
j

" # 1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBB@

1
CCCCCCCCA
tþ �

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

2
6666666664

3
7777777775
: ð177Þ
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If �ð�Þ ¼ ð�� �1Þ3ð�� �2Þ and �2 > �1,

qðx; tÞ ¼
X2
j¼0


 j �1 þ
4�2

2ð�2 � �1Þ
4� 2

2 � ð�1 � �2Þ x� b!�2a	��
1�b	

� �
t

� �� 	
2

 !
j

" # 1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBB@

1
CCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð178Þ

rðx; tÞ ¼
X2
j¼0

~
 j �1 þ
4�2

2ð�2 � �1Þ
4�2

2 � ð�1 � �2Þ x� b!�2a	��
1�b	

� �
t

� �� 	
2

 !
j

" # 1
2n

�exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBB@

1
CCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
: ð179Þ

However, when �ð�Þ ¼ ð�� �1Þ2ð�� �2Þ2,

qðx; tÞ ¼
X2
j¼0


 j �2 þ
�2 � �1

exp �1��2
�2

x� b!�2a	��
1�b	

� �
t

� �h i
� 1

0
@

1
Aj

2
4

3
5

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBB@

1
CCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð180Þ

rðx; tÞ ¼
X2
j¼0

~
 j �2 þ
�2 � �1

exp �1��2
�2

x� b!�2a	��
1�b	

� �
t

� �h i
� 1

0
@

1
Aj

2
4

3
5

1
2n
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� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBB@

1
CCCCCCCCA
tþ �

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

2
6666666664

3
7777777775
;

ð181Þ
and

qðx; tÞ ¼
X2
j¼0


 j �1 þ
�1 � �2

exp �1��2
�2

x� b!�2a	��
1�b	

� �
t

� �h i
� 1

0
@

1
Aj

2
4

3
5

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð182Þ

rðx; tÞ ¼
X2
j¼0

~
 j �1 þ
�1 � �2

exp �1��2
�2

x� b!�2a	��
1�b	

� �
t

� �h i
� 1

0
@

1
Aj

2
4

3
5

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
: ð183Þ

Whenever �ð�Þ ¼ ð�� �1Þ2ð�� �2Þð�� �3Þ and �1 > �2 > �3,

qðx; tÞ ¼
X2
j¼0


 j �1 �
2ð�1 � �2Þð�1 � �3Þ

2�1 � �2 � �3 þ ð�3 � �2Þ cosh

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��2Þð�1��3Þ

p
�2

x� b!�2a	��
1�b	

� �
t

� �
 �

0
BBBBBBBB@

1
CCCCCCCCA

j
2
666666664

3
777777775

1
2n
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� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
;

ð184Þ

rðx; tÞ ¼
X2
j¼0

~
 j �1 �
2ð�1 � �2Þð�1 � �3Þ

2�1 � �2 � �3 þ ð�3 � �2Þ cosh

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��2Þð�1��3Þ

p
�2

x� b!�2a	��
1�b	

� �
t

� �
 �

0
BBBBBBBB@

1
CCCCCCCCA

j
2
666666664

3
777777775

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
: ð185Þ

Finally, if �ð�Þ ¼ ð�� �1Þð�� �2Þð�� �3Þð�� �4Þ and �1 > �2 > �3 > �4,

qðx; tÞ ¼
X2
j¼0


 j �2 þ
ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þsn2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�2



x� b!�2a	��

1�b	

� �
t

� �
;m

�

0
BBBBBBBB@

1
CCCCCCCCA

j
2
666666664

3
777777775

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð186Þ
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rðx; tÞ ¼
X2
j¼0

~
 j �2 þ
ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þsn2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�2



x� b!�2a	��

1�b	

� �
t

� �
;m

�

0
BBBBBBBB@

1
CCCCCCCCA

j
2
666666664

3
777777775

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð187Þ

where

m2 ¼ ð�2 � �3Þð�1 � �4Þ
ð�1 � �3Þð�2 � �4Þ

: ð188Þ

It should be noted that �i for i ¼ 1; . . . ; 4 are the roots of the equation

�ð�Þ ¼ 0: ð189Þ

Remark 4. When the modulus m ! 1, hyperbolic function solutions fall out:

qðx; tÞ ¼
X2
j¼0


 j �2 þ
ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þtanh2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�2



x� b!�2a	��

1�b	

� �
t

� ��

0
BBBBBBBB@

1
CCCCCCCCA

j
2
6666666664

3
7777777775

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð190Þ
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rðx; tÞ ¼
X2
j¼0

~
 j �2 þ
ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þtanh2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�2



x� b!�2a	��

1�b	

� �
t

� ��

0
BBBBBBBB@

1
CCCCCCCCA

j
2
6666666664

3
7777777775

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð191Þ

where �3 ¼ �4.

Remark 5. However, if m ! 0, periodic wave solutions are acquired:

qðx; tÞ ¼
X2
j¼0


 j �2 þ
ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þsin2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�2



x� b!�2a	��

1�b	

� �
t

� ��

0
BBBBBBBB@

1
CCCCCCCCA

j
2
666666664

3
777777775

1
2n

� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
; ð192Þ

rðx; tÞ ¼
X2
j¼0

~
 j �2 þ
ð�1 � �2Þð�4 � �2Þ

�4 � �2 þ ð�1 � �4Þsin2

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1��3Þð�2��4Þ

p
2�2



x� b!�2a	��

1�b	

� �
t

� ��

0
BBBBBBBB@

1
CCCCCCCCA

j
2
6666666664

3
7777777775

1
2n
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� exp i �	xþ


2~

2
1½�1 � 	ð�1 þ �1Þ þ �1�
� 4
2~
 0~
 2½�1 � 	ð�1 þ �1Þ þ �1�
þ 4~
 2

2ðnþ 1Þ½	ð�þ a	Þ þQ2�
4~
 2

2ðnþ 1Þðb	� 1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
tþ �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

2
66666666664

3
77777777775
;

ð193Þ
where �2 ¼ �3.

4. Log Law

For log-law nonlinear media, F ðsÞ ¼ ln s, solitons in magneto-optic waveguides are

modeled by

iqt þ a1qxx þ b1qxt þ f�1 ln jqj2 þ �1 ln jrj2gq ¼ Q1rþ i�1qx; ð194Þ
irt þ a2rxx þ b2rxt þ f�2 ln jrj2 þ �2 ln jqj2gr ¼ Q2qþ i�2rx: ð195Þ

For this kind of nonlinearity, substituting (5) and (6) into (194) and (195) and then

decomposing into real and imaginary parts give

ðal � blvÞP 00
l þ ðbl!	� !� al	

2 � �l	ÞPl þ 2�lPl lnPl þ 2�lPl lnP�l ¼ QlP�l ; ð196Þ
and

vðbl	� 1ÞP 0
l þ ðbl!� 2al	� �lÞP 0

l ¼ 0; ð197Þ
respectively. From (197), it is possible to retrieve the solitons speed (11) as long as

the constraint (12). Consequently, (14) and (15) are also satis¯ed in this case, and

the real part (196) becomes

ða� bvÞP 00
l þ ðb!	� !� a	2 � �	ÞPl þ 2�lPl lnPl þ 2�lPl lnP�l ¼ QlP�l : ð198Þ

To obtain an analytic solution, we use the transformations

P1 ¼ exp
1

V1

¼ exp
1

V2

¼ P2 ð199Þ

in Eq. (198) to ¯nd

ða� bvÞfðV 0
1Þ2 þ 2V1ðV 0

1Þ2 � V 2
1 V

00
1 g þ 2ð�1 þ �1ÞV 3

1

þ ðb!	� !� a	2 � �	�Q1ÞV 4
1 ¼ 0; ð200Þ

ða� bvÞfðV 0
2Þ2 þ 2V2ðV 0

2Þ2 � V 2
2 V

00
2 g þ 2ð�2 þ �2ÞV 3

2

þ ðb!	� !� a	2 � �	�Q2ÞV 4
2 ¼ 0: ð201Þ

For log-law nonlinear medium, the modi¯ed simple equation method and trial

equation method are not applicable.
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4.1. Extended trial function method

The extended trial function scheme will be applied to Eqs. (200) and (201) to retrieve

bright, dark, and singular solitons. According to the balance principle, we determine

a relation of �, �, & and ~& as

& ¼ ~& ¼ �� �� 2: ð202Þ
When � ¼ 3, � ¼ 0 and & ¼ ~& ¼ 1 in Eq. (202), Eqs. (200) and (201) have the solu-

tions in the forms

V1 ¼ 
0 þ 
1�; ð203Þ
V2 ¼ ~
 0 þ ~
 1�; ð204Þ

where 
 i and ~
 i for i ¼ 0; 1 are constants to be determined later, and � satis¯es

Eq. (58). Substituting these formal solutions into Eqs. (200) and (201), and solving

the resulting system of algebraic equations, we have


0 ¼ � �2ða� bvÞð
1 � ~
 1Þ
6
1~
 0ðQ1 �Q2Þ

;

�1 ¼
~
 1ð�1 þQ1 �Q2Þ � �1
1


1 � ~
 1
;

�2 ¼

1ðQ1 �Q2Þ � �2ð
1 � ~
 1Þ


1 � ~
 1
;


1 ¼ 
1; ~
 0 ¼ ~
 0; ~
 1 ¼ ~
 1; 
0 ¼

1~
 0
~
 1

;

�2 ¼ �2; �0 ¼
�2~


2
0

3~
 2
1

; �1 ¼
�2~
 0
~
 1

; �3 ¼
�2~
 1
3~
 0

;

! ¼ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

:

ð205Þ

Substituting these results into Eqs. (58) and (59) leads to

�ð� � �0Þ ¼
ffiffiffiffiffiffi
�3

p Z
d�ffiffiffiffiffiffiffiffiffiffiffi
�ð�Þp ; ð206Þ

where

�ð�Þ ¼ �3 þ �2
�3

�2 þ �1
�3

�þ �0
�3
; �3 ¼


0

�3
: ð207Þ

Consequently, we obtain the traveling wave solutions to Eqs. (194) and (195) in the

following forms:

For �ð�Þ ¼ ð�� �1Þ3,

qðx; tÞ ¼ exp 
0 þ 
1�1 þ
4
1�3

x� b!�2a	��
1�b	

� �
t� �0

� �
2

" #�1

� exp i �	xþ 
1½	ð�þ a	ÞþQ1� � ~
 1½	ð�þ a	ÞþQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
; ð208Þ
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rðx; tÞ ¼ exp ~
 0 þ ~
 1�1 þ
4~
 1�3

x� b!�2a	��
1�b	

� �
t� �0

� �
2

" #�1

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
:

ð209Þ
If �ð�Þ ¼ ð�� �1Þ2ð�� �2Þ and �2 > �1,

qðx; tÞ ¼ exp 
0 þ 
1�2 þ 
1ð�1 � �2Þ
"

� tanh2
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�3

s
x� b!� 2a	� �

1� b	

� 

t� �0


 � !#�1

� exp i �	xþ 
1 	ð�þ a	Þ þQ1½ � � ~
 1 	ð�þ a	Þ þQ2½ �
ðb	� 1Þ 
1 � ~
 1ð Þ

� �
tþ �

� 

 �
;

ð210Þ

rðx; tÞ ¼ exp ~
 0 þ ~
 1�2 þ ~
 1ð�1 � �2Þ
"

� tanh2
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�3

s
x� b!� 2a	� �

1� b	

� 

t� �0


 � !#�1

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
:

ð211Þ
However, when �ð�Þ ¼ ð�� �1Þð�� �2Þ2 and �1 > �2,

qðx; tÞ ¼ exp 
0 þ 
1�1 þ 
1ð�1 � �2Þcsch2



1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2
�3

s
x� b!� 2a	��

1� b	

� 

t


 � !#�1

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð212Þ

rðx; tÞ ¼ exp ~
 0 þ ~
 1�1 þ ~
 1ð�1 � �2Þcsch2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2
�3

s
x� b!� 2a	��

1� b	

� 

t


 � !#�1

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
:

ð213Þ
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On the other hand, if �ð�Þ ¼ ð�� �1Þð�� �2Þð�� �3Þ and �1 > �2 > �3,

qðx; tÞ ¼ exp 
0 þ 
1�3 þ 
1ð�2 � �3Þsn2
"

� � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�3

s
x� b!� 2a	� �

1� b	

� 

t� �0


 �
;m

 !#�1

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð214Þ

rðx; tÞ ¼ exp ~
 0 þ ~
 1�3 þ ~
 1ð�2 � �3Þsn2
"

� � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�3

s
x� b!� 2a	� �

1� b	

� 

t� �0


 �
;m

 !#�1

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð215Þ
where

m2 ¼ �2 � �3
�1 � �3

: ð216Þ

It should be noted that �i for i ¼ 1; 2; 3 are the roots of the equation

�ð�Þ ¼ 0: ð217Þ
Under the conditions 
0 ¼ �
1�1, ~
 0 ¼ �~
 1�1 and �0 ¼ 0, solutions (208)–(213) are

reduced to exact solutions as the following:

qðx; tÞ ¼ exp
x� b!�2a	��

1�b	

� �
t

� �
2

4
1�3

" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð218Þ

rðx; tÞ ¼ exp
x� b!�2a	��

1�b	

� �
t

� �
2

4~
 1�3

" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð219Þ
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qðx; tÞ ¼ exp
1


1ð�2 � �1Þ
cosh2

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�3

s
x� b!� 2a	� �

1� b	

� 

t

� � !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð220Þ

rðx; tÞ ¼ exp
1

~
 1ð�2 � �1Þ
cosh2

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�3

s
x� b!� 2a	� �

1� b	

� 

t

� � !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð221Þ
and

qðx; tÞ ¼ exp
1


1ð�1 � �2Þ
sinh2

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�3

s
x� b!� 2a	� �

1� b	

� 

t

� � !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð222Þ

rðx; tÞ ¼ exp
1

~
 1ð�1 � �2Þ
sinh2

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �2

�3

s
x� b!� 2a	� �

1� b	

� 

t

� � !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
:

ð223Þ
Moreover, if 
0 ¼ �
1�3, ~
 0 ¼ �~
 1�3 and �0 ¼ 0, the solutions (214) and (215) are

transformed to

qðx; tÞ ¼ exp
1


1ð�2 � �3Þ
ns2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�3

s
x� b!� 2a	� �

1� b	

� 

t


 �
;
�2 � �3
�1 � �3

 !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð224Þ

rðx; tÞ ¼ exp
1

~
 1ð�2 � �3Þ
ns2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�3

s
x� b!� 2a	� �

1� b	

� 

t


 �
;
�2 � �3
�1 � �3

 !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
:

ð225Þ
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Remark 6. When the modulus m ! 1, the following solutions emerge:

qðx; tÞ ¼ exp
1


1ð�2 � �3Þ
coth2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�3

s
x� b!� 2a	� �

1� b	

� 

t


 � !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð226Þ

rðx; tÞ ¼ exp
1

~
 1ð�2 � �3Þ
coth2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � �3

�3

s
x� b!� 2a	� �

1� b	

� 

t


 � !" #

� exp i �	xþ 
1½	ð�þ a	Þ þQ1� � ~
 1½	ð�þ a	Þ þQ2�
ðb	� 1Þð
1 � ~
 1Þ

� �
tþ �

� 

 �
;

ð227Þ
where �1 ¼ �2.

5. Conclusions

This paper obtained bright, dark, and singular soliton solutions in magneto-optic

waveguides where soliton perturbation theory was studied. The third form of non-

linear medium that was studied in this paper is the log-law nonlinearity where optical

Gaussons were retrieved. These soliton and Gausson solutions all appear with con-

straint conditions that guarantee their existence. These magneto-optic solitons will

be of great advantage to pulse transmission along optical ¯bers that will provide the

state of soliton separation rather than the state of soliton \clutter". Additionally, it

is possible to steer nematicons in liquid crystals with such magneto-optic control.11

The results of this paper stand on a strong footing for further advancements in

this area. In future, additional laws of nonlinear media will be studied. These include

anti-cubic nonlinearity, quadratic-cubic nonlinearity, parabolic law, dual-power law,

quadratic–cubic-septic law, triple power law, and many others. Those results will be

published elsewhere sequentially.
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