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We propose a scheme to generate stable vector spatiotemporal solitons through a Rydberg electromagnetically

induced transparency (Rydberg-EIT) system. Three-dimensional vector monopole and vortex solitons have been

found under three nonlocal degrees. The numerical calculation and analytical solutions indicate that these solitons

are generated with low energy and can stably propagate along the axes. The behavior of vector spatiotemporal

solitons can be manipulated by the local and nonlocal nonlinearities. The results show a memory feature as these

solitons can be stored and retrieved effectively by tuning the control field.
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Higher-dimensional spatiotemporal solitons

(STSs) have attracted a lot of interest in many

fields.[1−8] In nonlinear optics, spatiotemporal soli-

tons are unstable in Kerr media due to the Kerr

nonlinearity.[9,10] To reduce this rapid distortion, short

pulses with high powered lasers were commonly ap-

plied in experiments to generate solitons.[11,12] As

these high energy solitons are hard to manipulate in

optical information processes, there is another way

to generate solitons with low energies. Moreover, the

solitons with low energy are found to have memory

features, and the storage and retrieval of these solitons

are possible.[13]

A number of optical systems have been proposed

to satisfy these demands in theoretical and experi-

mental studies.[14−19] For example, Edmundson and

Skryabin demonstrated a robust bistable STS with

quadratic nonlinearities.[14,15] Desyatnikov et al. and

Ge found STSs in an optical media with higher order

nonlinearities.[16,17] Mihalache et al. obtained stable

spinning STSs by tuning the focusing and defocus-

ing nonlinearities.[18] Zhang et al. revealed that 3D

solitons can stably exist in atomic systems with spin-

orbit coupling interactions.[19] Systems with Rydberg

atoms are proven to be an effective media to generate

stable solitons with low energies for the strong and

long-range optical nonlinearities between the Rydberg

atoms.[20−25] Ultra-cold Rydberg atoms in a Bose–

Einstein condensate is the latest hot topic of research

for finding stable solitons with novel characters.[26−29]

Despite the above progress, realizing single 3D vec-

tor STSs in Rydberg atomic systems is an open ques-

tion. We focus on this question and present a sys-

tematic method to generate low power, stable spa-

tiotemporal solitons with local Kerr nonlinearity and

nonlocal nonlinearity.

Model. A 5-level Rydberg atomic system is con-

structed in Fig. 1(a). Four laser fields are coupled

to this 5-level atomic system. A double Λ-type EIT

configuration is constructed by states |1⟩, |2⟩, |3⟩, |4⟩,
the probe (𝛺p), signal (𝛺s) and control (𝛺c) fields;

|5⟩ is coupled to |4⟩ through auxiliary laser field 𝛺a.

In our work, the strontium (88Sr) atomic gas is chosen

as a potential atom to realize the system.[30−32] The

states above are |1⟩ =
⃒⃒
5𝑆1/2, 𝐹 = 1,𝑚F = −1

⟩︀
, |2⟩ =⃒⃒

5𝑆1/2, 𝐹 = 2,𝑚F = 1
⟩︀
, |3⟩ =

⃒⃒
5𝑆1/2, 𝐹 = 2,𝑚F = −1

⟩︀
,

|4⟩ =
⃒⃒
5𝑆1/2, 𝐹 = 2𝑃3/2,𝑚F = −1

⟩︀
, and |5⟩ =⃒⃒

𝑛𝑆1/2

⟩︀
. The main quantum number is 𝑛 = 60.

The Hamiltonian of this 5-level Rydberg atomic

system is 𝐻̂H(𝑡) = 𝑁a

∫︀ +∞
−∞ 𝑑3𝑟𝐻̂H(𝑟, 𝑡), where 𝑁a is
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atomic density. In the interaction picture, the Hamil-

tonian density is written as

𝐻̂H(𝑟, 𝑡) =

4∑︁
𝑗=1

ℏ𝛥𝑗𝑆𝑗𝑗(𝑟, 𝑡)− ℏ
[︁
𝛺p𝑆14(𝑟, 𝑡)

+𝛺a𝑆45(𝑟, 𝑡) +𝛺s𝑆24(𝑟, 𝑡) +𝛺c𝑆34(𝑟, 𝑡) + H.c.
]︁

+𝑁a

∫︁
𝑟′ ̸=𝑟𝑑

3𝑟′𝑆55(𝑟
′, 𝑡)ℏ𝑉 (𝑟′ − 𝑟)𝑆55(𝑟, 𝑡), (1)

where 𝑆𝑗𝑙 = |𝑙⟩⟨𝑗| exp 𝑖[(𝑘𝑙 − 𝑘𝑗) · 𝑟 − (𝜔𝑙 − 𝜔𝑗 +𝛥𝑙 −
𝛥𝑗)𝑡],𝛥2 = 𝜔p−𝜔s−(𝜔2−𝜔1),𝛥3 = 𝜔p+𝜔c−(𝜔3−𝜔1)

and 𝛥5 = 𝜔p +𝜔a − (𝜔5 −𝜔1) are the two-photon de-

tunings, 𝛥4 = 𝜔p − (𝜔4 − 𝜔1). 𝛺p = (𝑒p · 𝑝41)𝜀p/ℏ,
𝛺c = (𝑒c · 𝑝43)𝜀c/ℏ, 𝛺s = (𝑒s · 𝑝42)𝜀s/ℏ and 𝛺a =

(𝑒a · 𝑝54)𝜀a/ℏ are the half Rabi frequencies. Substi-

tuting the Hamiltonian to the optical Bloch equation

𝜕𝜌/𝜕𝑡 = −𝑖[𝐻̂, 𝜌]/ℏ − 𝛤 [𝜌], we can get the density

equations of the system [see the Supplementary Ma-

terial].
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Fig. 1. (a) The 5-level Rydberg atomic system with dou-
ble EIT configuration. States |1⟩, |2⟩, |3⟩ and |4⟩ consti-
tute the double standard Λ-type EIT configurations. The
probe/signal/control/auxiliary field (𝛺p/𝛺s/𝛺c/𝛺a) cou-
ple the transitions |1⟩ → |4⟩, |2⟩ → |4⟩, |3⟩ → |4⟩ and
|4⟩ → |5⟩. 𝛤𝑗𝑙 is the spontaneous emission decay rates,
𝛥𝑗 is the detuning. (b) Illustration of the system. (c)
Storage and retrieval of monopole STSs (upper) and vor-
tex STSs (lower) in the general nonlocal response, illus-
trated by isosurface plots of the intensity of vector STSs
at 𝑧 = 0, 2𝐿diff , 4𝐿diff , where 𝐿diff is the diffraction dis-
tance.

The equation of motions for the 𝛺p and 𝛺s

is governed by the Maxwell equation ∇2𝐸 −
(1/𝑐2)𝜕2𝐸/𝜕𝑡2 = [1/(𝜀0𝑐

2)]𝜕2𝑃 /𝜕𝑡2, where 𝑃 =

Na𝑇𝑟(𝑝𝜌). Under slowly varying envelope approxi-

mation, the probe field 𝛺p and signal field 𝛺s satisfy

𝑖(
𝜕

𝜕𝑧
+

1

𝑐

𝜕

𝜕𝑡
)𝛺p(s) +

1

2𝑘p(s)

(︂
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2

)︂
𝛺p(s)

+ 𝜅14(24)𝜌41(42) = 0, (2)

where 𝑘p(s) = 𝜔p(s)/𝑐, 𝜅14 = 𝑁a𝑘p |𝑝14 · 𝑒p|2/2𝜀0ℏ and

𝜅24 = 𝑁a𝑘s |𝑝24 · 𝑒s|2/2𝜀0ℏ.
To obtain divergence-free solutions for the one- and

two-body correlators of the order of magnitude in the

density equations, we assume 𝜌𝑗𝑙 ≡
⟨
𝑆𝑗𝑙

⟩
and 𝜌𝑗𝑙,𝜇𝜈 ≡

⟨
𝑆𝑗𝑙𝑆𝜇𝜈

⟩
. In order to solve these equations, the phys-

ical quantities are expanded as 𝛺p =
∑︀

𝑚=1𝜀
𝑚𝛺

(𝑚)
p ,

𝛺s =
∑︀

𝑚=1𝜀
𝑚𝛺

(𝑚)
s , 𝜌𝑗1 =

∑︀
𝑚=0𝜀

2𝑚+1𝜌
(2𝑚+1)
𝑗1 ,

𝜌𝑗𝑙 =
∑︀

𝑚=1𝜀
2𝑚𝜌

(2𝑚)
𝑗𝑙 , 𝜌11 = 1 +

∑︀
𝑚=1𝜀

2𝑚𝜌
(2𝑚)
11 ,

𝜌𝑗1,𝑙1 =
∑︀

𝑚=1𝜀
2𝑚𝜌

(2𝑚)
𝑗1,𝑙1 , 𝜌𝑗1,1𝑙 =

∑︀
𝑚=1𝜀

2𝑚𝜌
(2𝑚)
𝑗1,1𝑙 ,

𝜌𝑗𝑙,𝜇1 =
∑︀

𝑚=1𝜀
2𝑚+1𝜌

(2𝑚+1)
𝑗𝑙,𝜇1 , and 𝜌𝑗𝑙,𝜇𝜐 =∑︀

𝑚=2𝜀
2𝑚𝜌

(2𝑚)
𝑗𝑙,𝜇𝜐 (𝑗, 𝑙, 𝜇, 𝜐 = 2, 3, 4, 5). The space and

time scales are also expressed as 𝑥1 = 𝜀𝑥, 𝑦1 = 𝜀𝑦,

𝑧𝑙 = 𝜀𝑙𝑧(𝑙 = 0, 1, 2), and 𝑡𝑙 = 𝜀𝑙𝑡(𝑙 = 0, 1).[13] Substi-

tuting these expansions into Maxwell’s equation and

Bloch’s equation, we obtain the following solutions or-

der by order.

At the zeroth and first order approximation, we

get the Rabi frequencies 𝛺
(1)
p = 𝐹1𝑒

𝑖𝜃p , 𝛺
(1)
s = 𝐹2𝑒

𝑖𝜃s

with 𝜃p = 𝐾p(𝜔)𝑧0−𝜔𝑡0, 𝜃s = 𝐾s(𝜔)𝑧0−𝜔𝑡0. 𝐹1 and

𝐹2 are undetermined envelope functions, 𝐾p(𝜔) and

𝐾s(𝜔) are linear dispersion relations with

𝐾p(𝜔)=
𝜔

𝑐
+
𝜅14
𝐷1

[︀
(𝜔+𝑑21)(𝜔+𝑑31)(𝜌

(0)
11−𝜌

(0)
44 )+𝛺c𝜌

*(0)
43

]︀
,

(3)

𝐾s(𝜔) =
𝜔

𝑐
+
𝜅24
𝐷2

[︀
(𝜔 + 𝑑32)(𝜔 + 𝑑52)(𝜌

(0)
22 − 𝜌

(0)
44 )

+ (𝜔+𝑑52)𝛺c𝜌
*(0)
43 +(𝜔+𝑑32)𝛺

*
a𝜌

(0)
54

]︀
. (4)

Here 𝐷1(2) = (𝜔+𝑑51(52)) |𝛺c|2+(𝜔+𝑑31(32)) |𝛺a|2−
(𝜔+𝑑31(32))(𝜔+𝑑41(42))(𝜔+𝑑51(52)), 𝑑𝑗𝑙 = 𝛥𝑗 −𝛥𝑙+

𝑖𝛾𝑗𝑙 (𝑖, 𝑗 = 1, 2, 3, 4; 𝑖 ̸= 𝑗), where 𝛾𝑗𝑙 = (𝛤𝑗 + 𝛤𝑙)/2 +

𝛾dep𝑖𝑗 , 𝛤𝑙 =
∑︀

𝑗<𝑙 𝛤𝑗𝑙, 𝛾
dep
𝑖𝑗 is the dephasing rate; 𝜌

(0)
𝑗𝑙

and 𝜌
(1)
𝑗𝑙 (𝑗, 𝑙 = 1, . . . , 5), the density matrix elements

in the zeroth and first order approximation are given

detailedly in the Supplementary Material.

At the second order approximation, the envelope

functions satisfy 𝑖 [𝜕𝐹𝑙/𝜕𝑧1 + (1/𝑉𝑔𝑙)𝜕𝐹𝑙/𝜕𝑡1] = 0

(𝑙 = 1, 2), where 𝑉𝑔𝑙 = 1/𝐾𝑙(𝐾𝑙 = 𝜕𝐾𝑗/𝜕𝜔) (𝑗 = 𝑝, 𝑠)

is group velocity. The laser field then has this expres-

sion 𝜓𝑙 = 𝐹𝑙 exp(−𝜇𝑙𝑧), where 𝜇𝑙 = 𝜀−2Im(𝐾𝑙) is the

absorption coefficient.

At the third and fourth orders, the probe and sig-

nal fields satisfy the dimensionless form

𝑖
𝜕𝜓1(2)

𝜕𝑠
+
(︁𝜕2𝜓1(2)

𝜕𝜉2
+
𝜕2𝜓1(2)

𝜕𝜂2
+
𝜕2𝜓1(2)

𝜕𝜏2

)︁
+ (𝑔11(22)|𝜓1(2)|2 + 𝑔12(21)|𝜓2(1)|2)𝜓1(2)

+ 𝛼

∫︁
𝑑3𝑟′⊥𝐺2(𝑟

′
⊥ − 𝑟⊥)|𝜓1(2)|2𝜓1(2) = 0, (5)

where the units of the physical quantities are set to be

1. Here 𝜓1(2) = 𝛺p(s)/𝛺p(s)0 are dimensionless quanti-

ties, 𝛺p(s)0 is the initial frequency of the probe/signal

pulse; 𝑠 = 𝑧/(2𝐿diff), (𝜉, 𝜂) = (𝑥, 𝑦)/𝑅0, 𝜏 = 𝑡− 𝑧/𝑉g,

with 𝐿diff = 2𝜔p𝑅
2
0/𝑐 and 𝑅p0 = 𝑅s0 = 𝑅0 be-

ing the typical radius of the probe and signal pulses;
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𝛼 = 2𝑁a𝑅
2
0|𝜓0|2𝐿diff/𝐷(𝜔) is the degree of nonlocal-

ity; 𝑔𝑗𝑙 = −2𝑊𝑗𝑙|𝛺0|2𝐿diff are the interaction coef-

ficients, where 𝑊11 and 𝑊22 are the nonlinear self-

focusing coefficients, 𝑊12 and 𝑊21 are the nonlinear

cross-phase coefficients. The detail expressions of 𝑊𝑗𝑙

(𝑗, 𝑙 = 1, 2) are given in the Supplementary Material.

Three-Dimensional Vector Spatiotemporal Solitons

and Their Memory Feature. In this study, we assume

𝜓1(2) = 𝜓1(2)𝑒
𝑖𝑏𝑠, where 𝑏 is the propagation coeffi-

cient. Then the energies of solitary wave are 𝑈1(2) =∫︀∫︀ ⃒⃒
𝜓1(2)

⃒⃒2
𝑑𝜉𝑑𝜂, and total energy is 𝑈 = 𝑈1 + 𝑈2.

The eigenvalue of Eq. (5) can be obtained by using

the numerical and analytical methods.[33,34] With per-

turbation, we have 𝜓1(2) = [𝜓01(2)+(𝑢1(2)+𝑣1(2))𝑒
𝜆𝑠+

(𝑢*1(2) − 𝑣*1(2))𝑒
𝜆*𝑠]𝑒𝑖𝑏𝑠, where 𝜓0(1,2) is the stationary

solution of Eq. (5), 𝑢1(2), 𝑣1(2) ≪ 𝜓01(2) are the per-

turbation terms, and 𝜆 is a complex parameter indi-

cating the perturbation growth rate. According to the

criteria, the soliton solutions can be stable if Re(𝜆) =

0.[35] The parameters we choose in this system are

𝑅⊥ = 12µm, 𝜏0 = 1.1 × 10−6 s, 𝛤21 = 0.21𝜋MHz,

𝛤4 = 2.2𝜋 × 106 MHz, 𝛤5 = 𝛤45 = 2𝜋 × 16.9 kHz,

𝛥2 = 0.27× 106 s−1, 𝛥3 = 1.68× 106 s−1, 𝛥4 = 1.1×
108 s−1, 𝛥5 = 2.37 × 107 s−1, 𝑁a = 1.0 × 1012 cm−3,

𝛺c = 𝛺c0 = 1.2 × 107 s−1, 𝛺a = 𝛺a0 = 5 × 106 s−1.

In this case, the solidary wave is generated with small

power 𝑃1(2) = 1.7 nw, and propagates with very slow

speed 𝑉𝑔1(2) ≈ 2.47× 10−6𝑐 (point B in Fig. 2).[10]
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Figure 2 shows the energy of probe (𝑈1) or sig-

nal (𝑈2) pulses. In Figs. 2(a) and 2(b), one can see

that 𝑈2 initially decreases slowly with 𝑔11(12). When

𝑔11(12) > 0.92, 𝑈2 starts to drop rapidly, until nearly

zero, and it remains constant. Nevertheless, 𝑈1 in-

creases rapidly to maximum, then it decreases slowly

with 𝑔11(12). On the contrary, 𝑈1(2)–𝑔21(22) relations in

Figs. 2(c) and 2(d) show the opposite trends. Further,

the total energies of two pulses stay almost the same,

as long as parameters 𝛼 and 𝑏 are not changed. The

numerical solutions (solid lines) agree well with the

analytical solutions (dotted line). Figure 2(e) shows

the 𝑈1(2)–𝛼 relation, where only 𝑈2 is plotted because

𝑈1 overlaps with 𝑈2 in the simulation. One can see

that 𝑈1(2) decreases monotonously with 𝛼, so the to-

tal energy decreases when tuning 𝛼. Further, when

𝛼 < 1.47, there is a great difference between the an-

alytical solution and the numerical simulation; how-

ever, they agree very well when 𝛼 ⩾ 1.47. In Fig. 2(f),

𝑈 monotonically increases with 𝑏. According to the

VK stability criterion, these vector STSs found here

are stable when 𝑑𝑈/𝑑𝑏 > 0.[36] Further, we find that

the larger the 𝛼, the larger the stability ranges vector

STSs have.

Figure 3 shows the stability areas for 3D vector

STSs in the (𝑔𝑗𝑙, 𝛼) plane with 𝑗, 𝑙 = 1, 2. Numeri-

cal results display that vector STSs exist and are sta-

ble in the blue area. Simulation results show that

five parameters (i.e., 𝑔11, 𝑔12, 𝑔21, 𝑔22, and 𝛼) pro-

foundly affect the stability range of solitons. Compar-

ing Figs. 3(a) and 3(d) with Figs. 3(b) and 3(c), we

can find that the cross-phase modulation parameters

(i.e., 𝑔12 and 𝑔21) are more robust than the self-phase

034202-3

http://cpl.iphy.ac.cn


Chin. Phys. Lett. 39, 034202 (2022)

modulation parameters (i.e., 𝑔11 and 𝑔22).

Vector soliton solutions to Eq. (5) are given in

three nonlocality degrees: (i) 𝑅b ≪ 𝑅0 (local re-

sponse region), (ii) 𝑅b ≈ 𝑅0 (general nonlocal re-

sponse region), and (iii) 𝑅b ≫ 𝑅0 (strongly nonlo-

cal response region), where 𝑅b is the Rydberg block-

ade radius.[37] The dynamical properties of 3D vector

STSs in local (dot A), general nonlocal (dot B) and

strongly nonlocal (dot C) response regions are plot-

ted in Fig. 4. Three-dimensional monopole solitons

(soliton energy distributes in the center with only one

peak) and vortex solitons (soliton energy distributes as

a vortex profile with the smallest energy in the center)

are both shown under a random perturbation. Note

that monopole solitons are more stable than vortex

solitons in our system in all three nonlocality degrees,

which is similar to the existing reports.[18,38,39] Com-

paring the stabilities of solitons in three nonlocality

degrees, we find that 3D vector STSs in strongly non-

local response region are the most stable ones. On the

contrary, solitons in local response region are the most

unstable ones.
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The dynamics of vector STSs in this system may

be tested by numerically solving Eq. (5) with the fast

fractional Fourier algorithm.[35] Figure 5 displays the

evolution of vector STSs in strongly nonlocal [(a), (d)],

general nonlocal [(b), (e)], and local [(c), (f)] response

regions. Figures 5(a)–5(c) show the energy flows |𝑈1|
(monopole solitons) and |𝑈2| (vortex solitons). One

can see that the total energy of monopole and vortex

solitons almost remains the same in both strongly non-

local and general nonlocal response regions, although

|𝑈1| and |𝑈2| show some oscillations with the propaga-

tion distance 𝑠 in strongly nonlocal response region.

When 𝑠 > 2.1, |𝑈1| suddenly increases and |𝑈2| de-
creases. However, |𝑈1(2)| and the total energy decrease

with 𝑠 in the local response region [see Fig. 5(c)].

Further, in strongly nonlocal response region, one

can find a quasi-elastic collision phenomenon between

monopole and vortex solitons in the propagation [see

Fig. 5(d)]. The distribution of the vector STSs is basi-

cally unchanged, and the solitons remain stable after

the collision. This collision phenomenon is absent in

the general nonlocal and local response region. The

distribution of the vector STSs changes significantly

in general nonlocal response region [Fig. 5(e)] and pro-

duces collapse in local response region [Fig. 5(f)].

Next, we investigate the memory feature of the

solitons by modulating the control field. The control

field has two states, switch-on and switch-off.[40] The

input probe and signal pulses are taken as a funda-

mental Gaussian mode and 𝑟𝑒−𝑟2 , respectively. The

memory feature can be described by the efficiency 𝜂

and fidelity 𝜂𝐽2.

The storage and retrieval of the 3D vector STSs are

shown in Figs. 1(c) and 6. Figure 1(c) display the nu-

merical results of the intensity of the probe and signal

pulse 𝑈1(2)/𝑈0 during propagation. It is shown that

3D vector STSs can be stored and retrieved effectively

by the switch-on and switch-off of the control field.

There is still small deformation of the vector STSs,

after storage, due to dissipation.

Table 1. The efficiency and fidelity of the memory effect.

Nonlocal degree
Monopole solitons Vortex solitons

efficiency fidelity efficiency fidelity

Local 0.80 0.70 0.75 0.71

General nonlocal 0.92 0.80 0.91 0.82

Strongly nonlocal 0.98 0.95 0.96 0.91
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Fig. 6. Memory feature of 3D monopole STSs and vortex STSs in the local [(a), (d)], general nonlocal [(b), (e)] and
strongly nonlocal [(c), (f)] response regions. The first row represents monopole STSs, and the second row represents
vortex STSs. The black dashed line shows the switch-on, switch-off, and re-switch-on of the control field |𝛺c𝜏0|.
The blue, orange and purple lines are |𝛺p(s)𝜏0| at 𝑧 = 0 (at the beginning), 𝑧 = 2𝐿diff (during of the storage), and
𝑧 = 4𝐿diff (after the retrieval), with 𝐿diff = 1.37mm. Other parameters are the same as Fig. 2.

Figure 6 display the memory effects of monopole

and vortex solitons in three nonlocal response re-

gions. The efficiency and fidelity of the memory ef-

fect are given in Table 1. In the local response region

[Figs. 6(a) and 6(d)], the vector STSs have a tremen-

dous amount of deformation after storage due to the

imbalance of diffraction, dispersion and nonlinearity.

The efficiency and fidelity are relatively low for both

monopole STSs and vortex STSs. In the general non-

local response region [Figs. 6(b) and 6(e)], one can see

that after storage the vector STSs characterize a small

amount of wave shape deformation. However, in the

strongly nonlocal response region [Figs. 6(c) and 6(f)],

the monopole STSs (vortex STSs) retain nearly the

same wave shape after storage. Here, we obtain the

highest efficiency and fidelity. One can see that the

nonlocality is the critical factor in the storage and re-

trieval of the solitons.
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In summary, we have proposed a 5-level Rydberg-

EIT atomic system to generate stable vector spa-

tiotemporal solitons. The formation, propagation,

and stability analysis of 3D monopole and vortex soli-

tons are studied. The vector STSs are proven to be

stable and can be stored and retrieved effectively in

nonlocal response region. Our study provides a new

application of optical solitons in the optical informa-

tion.
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Text A: Expansion equations of optical Bloch equation 

 The density equations   of the system is obtained by substituting the Hamiltonian to the 

optical Bloch equation ,      ,Ĥit . For the 55  density matrix, we get the 

following expansion equations of optical Bloch equation. 

21 31 11 12 22 13 33 14 44 41 41( ) ( ) Ω Ω 0,p pi i
t

      
        


   (A1) 

12 22 21 11 24 44 42 42( ) ( ) Ω Ω 0,s si i
t

     
      


   (A2) 

13 33 31 11 34 44 43 43( ) ( ) Ω Ω 0,c ci i
t

     
      


  (A3) 

14 24 34 44 45 55 41 41 42 42 43 43 54 54( ) Ω Ω Ω Ω Ω Ω Ω Ω 0,p p s s c c a ai i
t

                
             


   (A4) 

45 55 54 45( ) Ω +Ω 0,a ai
t

  
  


   (A5) 

21 21 41 42( ) Ω 0,s pi d
t

   
   


   (A6) 

31 31 41 43( ) Ω Ω 0,c pi d
t

   
   


  (A7) 

41 41 11 44 21 31 51( ) Ω ( ) Ω Ω Ω 0,p s c ai d
t

     
      


  (A8) 

3

51 51 41 54 55,51( ) Ω ( ) ( , , ) 0,a p ai d N d V t
t

   


       
  r r r r r   (A9) 

32 32 42 43( ) Ω Ω 0,c si d
t

   
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
  (A10) 

42 42 22 44 21 32 52( ) Ω ( ) Ω Ω Ω 0,s p c ai d
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      
      


  (A11) 
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3

52 52 42 54 55,52( ) Ω Ω ( ) ( , , ) 0,a s ai d N d V t
t

   


       
  r r r r r   (A12) 

43 43 33 44 32 31 53( ) Ω ( ) Ω Ω Ω 0,c s p ai d
t

       
      


  (A13) 

3

53 53 43 54 55,53( ) Ω Ω ( ) ( , , ) 0,a c ai d N d V t
t

   


       
  r r r r r   (A14) 

3

54 54 44 55 51 52 53 55,54( ) Ω ( ) Ω Ω Ω ( ) ( , , ) 0,a p s c ai d N d V t
t

        
          

  r r r r r  (A15) 

where Δ Δjl j l jld i   ( , 1,2,3,4;i j i j  ), and ( ) 2 dep

jl j l ij      with 
l jlj l

   . 

Here 
jl  denotes the spontaneous emission decay rate between states j  and l , and 

dep

ij  is the 

dephasing rate between the states j  and l . 

 

Text B: Expansion equations of zeroth order density matrix elements and the first order 

solutions 

(i) At the zeroth ( 0m  ) order, equations for
(0) (0) (0) (0) (0)

32 42 43 52 53, , , , ,      and 
(0)

54  are given by 
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43 44 3343

(0)
52 52

(0)
53 53

* (0)
(0)

54 44
54

00 0 0 0

00 0 0

( )0 0 0 0

00 0 0 0

00 0 0 0

0 0 0 0 c

c

c a

ca

a

a

a

d

d

d

d

d

d





  







    
    
     
            
    
         
        

,   (B1) 

Equations for
(0) (0) (0)

11 22 33, , ,    and 
(0)

44  read 

(0)

1121 31 12 13 14

(0)

2221 12 24

*(0) * (0)(0)
31 13 34 43 4333

(0)

44

0+

00

0 ( )

1 1 1 1 1

cci





 



         
    

                
    
       

（ ）

,   (B2) 

And 
(0) (0) (0) (0) (0) (0) (0) (0)

31 21 41 51 32 42 52 550, 0               . 

(ii) At the first ( 1m  ) order, the solution for nonzero matrix elements reads 

2* (0) (0) (0)

21 31 11 44 43(1) (1)

31 1 31 1

1

( )( )( )
p pi ic cd d

F e a F e
D

     


     
      (B3) 

(0) (0) (0)
(1) (1)21 31 11 44 43
41 1 41 1

1

( )( )( )
p pi icd d

Fe a Fe
D

     


   
           (B4) 

(0) (0) (0)
(1) (1)21 31 11 44 43
51 1 51 1

1

( )( )( )
p pi ia a cd d

Fe a Fe
D

     


     
     (B5) 

2* (0) (0) * * (0) *(0)

32 52 22 44 32 54 52 43(1) (1)

32 2 32 2

2

( )( )( ) ( ) ( )
s sc a c c i id d d d

F e a F e
D

        


          
    (B6) 
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(0) (0) * (0) *(0)
(1) (1)32 52 22 44 32 54 52 43
42 2 42 2

2 32

( )( )( ) ( ) ( )

( )
s si ia cd d d d

F e a F e
D d

        




        
 


, (B7) 

2(0) (0) (0) *(0)

32 52 22 44 32 54 52 43(1) (1)

52 2 52 2

2 52

( )( )( ) ( ) ( )

( )
s sa a c a i id d d d

F e a F e
D d

        




          
  


,  (B8) 

with other 
(1) 0jl  . 

Text C: The second order solution 

At the second order, the solution for nonzero matrix elements reads 

*
(2) *(1) (1) *

21 42 1 41 2

21

1
( ),p s

i i
Fe F e

d

   



 


        (C1) 

(2) * (2) (1)

31 41 31 1

31 1

1
( ) ,pi

c ia Fe
d t


 



 
  

 
       (C2) 

(1) (1) (1)

31 51 41 51 31 31 51(2)

41 1

1 1

( )( ) ( ) ( )
,pic a

i d d a d a d
Fe

D t

    


          


  (C3) 

(2) (2) (1)

51 41 51 1

31 1

1
( ) ,pi

aa ia Fe
d t






 
  

 
       (C4) 

(2) * (2) (1)

32 42 32 2

32 1

1
( ) ,si

c ia F e
d t

 


 
  

 
       (C5) 

(1) (1) (1)

32 52 42 52 32 32 52(2)

42 2

2 1

( )( ) ( ) ( )
,sc a i

i d d a d a d
F e

D t

    


          


   (C6) 

(2) (2) (1)

52 42 52 2

52 1

1
( ) ,si

aa ia F e
d t




 
  

 
        (C7) 

1 2 2 2
2 2( 2 ) ( 2 )(2) (2) (2)

11 111 1121 2 ,
z z

a e a eF F
   

        (C8) 

1 2 2 2
2 2( 2 ) ( 2 )(2) (2) (2)

22 221 2221 2 ,
z z

a e a eF F
   

        (C9) 

1 2 2 2
2 2( 2 ) ( 2 )(2) (2) (2)

33 331 3321 2 ,
z z

a e a eF F
   

       (C10) 

1 2 2 2
2 2( 2 ) ( 2 )(2) (2) (2)

44 441 4421 2 ,
z z

a e a eF F
   

      (C11) 

1 2 2 2
2 2( 2 ) ( 2 )(2) (2) (2)

43 431 4321 2 ,
z z

a e a eF F
   

      (C12) 

1 2 2 2
2 2( 2 ) ( 2 )(2) (2) (2)

53 531 5321 2 ,
z z

a e a eF F
   

       (C13) 

1 2 2 2
2 2( 2 ) ( 2 )(2) (2) (2)

54 541 5421 2 ,
z z

a e a eF F
   

       (C14) 

with 

(2) 1 11 11 1 1 11 12 13 45 11 3 1 13 24 12 34 45
111

2

(2 2 ) ( ) ( )A C H X A C C X A
a

X

             
   
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(2) 1 12 12 1 1 12 12 13 45 12 3 1 4
112

2

(2 2 ) ( )B C H X B C C X B X
a

X

        
   

(2) 1 11 11 1 1 5 11 6
221

2

(2 2 )A C H Y A X C X
a

X

   
   

(2) 1 12 12 1 1 2 21 34 13 21 45 12 6
222

2

(2 2 ) [ ( ) ]B C H Y B Y C X
a

X

         
   

(2) 1 11 11 1 11 2 12 24 31 45 1 7
331

3

(2 2 ) [ ( ) ]A C H Z C Z A X
a

X

        
   

(2) 1 12 12 1 12 2 12 24 31 45 1 3 12 31 45
332

3

(2 2 ) [ ( ) ] ( )B C H Z C Z B Z
a

X

           
   

2 (2) (2) (2) (2) (2) (2) * (1) *(1)
53 111 221 331 441 4 331 441 51 4 31(2)

431 2 2

3 4

( ) ( 2 ) ( )a c c a c

a c

d a a a a D a a a D a
a

D D

              
  

2 (2) (2) (2) (2) (2) (2) * (1) *(1)
53 112 222 332 442 4 332 442 52 4 32(2)

432 2 2

3 4

( ) ( 2 ) ( )a c c a c

a c

d a a a a D a a a D a
a

D D

              
  

 

 

2 (2) (2) (2) (2) (2) (2) * (1) *(1)

111 221 331 441 4 331 441 51 4 31(2)

531 2 2

3 4

2*(1) (2) (2) (2)
31 331 441 4 431

* *

53

( 2 ) ( )

( )

( )

a a c c a c

a c

c c

c a a

a a a a D a a a D a
a

D D

a a a D a

d

             
  

      
   

 

 

2 (2) (2) (2) (2) (2) (2) * (1) *(1)

112 222 332 442 4 332 442 52 4 32(2)

532 2 2

3 4

2*(1) (2) (2) (2)
32 332 442 4 432

* *

53

( 2 ) ( )

( )

( )

a a c c a c

a c

c c

c a a

a a a a D a a a D a
a

D D

a a a D a

d

             
  

      
   

 

(2)(2) (2) *(1)
53 4 431331 441 31(2)

541 *

( ) ( )c

c a

d D aa a a
a

       
 

 

(2)*(1) (2) (2)
53 4 43232 332 442(2)

542 *

( ) ( )c

c a

d D aa a a
a

     
 

 

where 

*(0) * (0)

43 43
1

1

c cA
D

  
  

   * (0) *(0) *(0) * (0)
32 5254 54 43 43

1

2

( ) ( )
a a c c

d d
B

D

         
  

 
22 * *(1) (1) (1) * *(1)*

53 51 51 4 31 4 31

11 2 2

3 4

( )
c a a c cc

a c

d a a D a D a
C

D D

          
  
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 
22 * *(1) (1) (1) * *(1)*

53 52 52 4 32 4 32

12 2 2

3 4

( )
c a a c cc

a c

d a a D a D a
C

D D

          
  

 

2

3 53 43( )( ) aD d d     
 

2

4 53 54( )( ) cD d d     
 

* (1) *(1) * *(1) (1) (1) *(1)

51 4 31 51 4 314 54 31 31
11 532 2 * *

3 4

( )
( )( )c a a c

c c c ca c

a D a a D aD d a a
H d

D D




      
    

       
 

* (1) *(1) * *(1) (1) *(1) (1)

52 4 32 52 4 324 54 32 32
12 532 2 * *

3 4

( )
( )( )c a a c

c c c ca c

a D a a D aD d a a
H d

D D




      
    

       
 

1 12 13 14 24 34( )X        

2 12 13 21 13 12 31 14 24 34 45( )( )X             

3 12 14 12 24 13 24 45( )X          

4 13 14 13 34 12 34 45( )X          

5 13 24 24 31 13 21 34 21 45( )X            

6 13 24 24 31 21 24 13 21 14 21 45( )X              

7 12 34 21 34 24 31 12 31 45( )X            

1 14 21 24 21 34 21 13( )Y          

2 13 14 14 31 34 13 34 31 45( )Y            

1 14 24 34 12 31( )Z        

2 14 12 21 14 12 24 21 24 45( )Z            

3 34 12 21 34 31 14 31 34 45( )Z          
 

Text D: Explicit expressions of jlW  

*(2) (2) (2) (2)

51 431 31 541 31 51 111 441
11 14

1

( ) ( ) ( )( )( )
,c ad a d d d a a

W
D

    


       
   (D1) 

*(2) (2) (2) (2) (2)

51 432 31 542 31 51 112 442 21
12 14

1

( ) ( ) ( )( )( )
,c ad a d d d a a a

W
D

    


        
   (D2) 

*(2) (2) (2) (2) *(2)

52 431 32 541 32 52 221 441 21
21 24

2

( ) ( ) ( )( )( )
,c ad a d d d a a a

W
D

    


        
   (D3) 

*(2) (2) (2) (2)

52 432 32 542 32 52 222 442
22 24

2

( ) ( ) ( )( )( )
,c ad a d d d a a

W
D

    


       
   (D4) 

where 
(2) *(1) (1)

21 42 41 21( ) ( )a a a d   . 


